THE ARITHMETICAL HIERARCHY:
A REALIZABILITY-THEORETIC PERSPECTIVE

TAKAYUKI KIHARA

ABSTRACT. In this article, we investigate the arithmetical hierarchy from the
perspective of realizability theory. An experimental observation in classical
computability theory is that the notion of degrees of unsolvability for natural
arithmetical decision problems only plays a role in counting the number of
quantifiers, jumps, or mind-changes. In contrast, we reveal that when the
realizability interpretation is combined with many-one reducibility, it becomes
possible to classify natural arithmetical problems in a very nontrivial way.

1. INTRODUCTION

The main research theme of computation theory from birth to the present day
is to analyze the computational complexity (degrees of computational difficulty)
of various problems. The most traditional type of problem is called a decision
problem, which refers to a problem that asks to determine if a statement with one
parameter is true or false for each parameter. In computability theory, the basic
tools for measuring the complexity of decision problems are reducibility notions
such as many-one reducibility and Turing reducibility [19].

However, these traditional approaches are too rough to classify “natural’ deci-
sion problems, and often only count the number of alternations of quantifiers that
appear in the problem. This experimental observation that the degree structure of
natural decision problems is too simple is also suggested by outstanding problems
in computability theory, such as the problem of finding a natural solution of Post’s
problem and the Martin conjecture [17]. This “natural-degree” problem is often
the subject of debate among computability theorists [22]; however, despite many
years of research, no definitive method has been found for measuring computability-
theoretic complexity of “natural” decision problems (beyond counting the number
of quantifiers, jumps, or mind-changes).

One of the aims of this article is to provide a novel method of measuring the
computability-theoretic complexity of natural problems that goes beyond counting.
Our approach can be summed up in a slogan as follows: “A (decision) problem is
a formula, not a subset of natural numbers or strings.” Of course, in theory, any
problem should be describable as a formula (in the sense of formal logic), so people
who have never studied computation theory will easily accept this slogan, and may
even think it is a self-evident truth that does not need to be stated. The difference
between formulas and subsets is that the former is intensional, while the latter is
extensional, and the impact of this difference is enormous. Introducing the notion
of a decision problem as a formula makes it possible to talk about the notion of
witness for the truth (e.g., an existential witness) of a formula.
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Definition 1.1 (see Definition 2.13 for the rigorous definition). A formula ¢ is
(realizability-theoretic) many-one reducible to 1 if there exists a computable func-
tion h such that, for any instance x, p(z) is true iff ¥)(h(zx)) is true, and moreover,
any witness for the truth of p(z) is effectively converted into a witness for the truth
of ¥ (h(zx)) and vice versa.

Formally, the notion of witness is formulated using Kleene’s realizability inter-
pretation [14, 23]. In computational complexity theory, the polytime version of
Definition 1.1 has been introduced by Levin [16] (formulated as a search problem
rather than a decision problem), and known as Levin reducibility. Nevertheless, this
notion has not been studied in computability theory before the author’s article [13].
Definition 1.1 can also be obtained as the realizability interpretation of many-one
reducibility in constructive logic [26, §].

When the notion of witness is combined with many-one reducibility, each problem
now becomes one that not only requires us to determine whether it is true or false,
but also to provide a witness for the truth if it is true. Then, interestingly, it
becomes possible to classify natural problems in a very nontrivial way. For example,
the author [13] has classified natural ¥s-decision problems as follows:

e Boundedness for countable posets is V°°-complete.
e Finiteness of width for countable posets is V*°V-complete.
e Non-density for countable linear orders is IV-complete.

Here, “Ym3n > m (there are infinitely many n such that ...)” is abbreviated
as “3*°n”, and “ImVn > m (for all but finitely many n ...)” is abbreviated as
“Y>°n”. By combining these quantifiers, one can introduce various classes of for-
mulas (decision problems), which often have natural complete problems as above.
Also, a countable structure can be presented by some computational method (as in
computable structure theory); see Section 3.1.

The above three problems are all classically Ys-complete (so classically indistin-
guishable), but our reducibility notion can distinguish the computability-theoretic
complexity of these problems. In other words, the difficulty of searching for ex-
istential witnesses differs in these problems. And this difference is caused by the
difference in the “quantifier-patterns (i.e., combinations and order of appearance of
3,V, 3%,V etc.)” used to describe these problems.

By analyzing further natural decision problems, we reveal the effectiveness of
classification using quantifier-patterns (where, note that the author had not yet
recognized the importance of classifying decision problems using quantifier-patterns
when writing [13]). In order to see this, it is important to analyze a formula and
its dual (see Section 2.3) simultaneously. Then the following stronger reducibility
notion is useful.

Definition 1.2 (see also Definition 2.20). A formula ¢ is many-one di-reducible to
1 if both ¢ and its dual are many-one reducible to 1 and its dual via a common h.

Then one can introduce the notion of dicompleness in a straightforward manner.
Then, in fact, all of the above examples are dicomplete w.r.t. the corresponding
classes.

In this article, we mainly focus on problems that are classically Y3- or Il3-
complete. For instance, this article reveals that the following “II3-complete” prob-
lems, which cannot be distinguished in traditional computability theory, actually
have different complexities.
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FiGURE 1. Complexity of II3-complete problems

Lattice: Being lattice for countable posets is YV°°-dicomplete.

Atomic: Atomicity for countable posets is VV*°-dicomplete.

LocFin: Local finiteness for countable graphs is VV*°V-dicomplete.
FinBranch: Being finitely branching for countable trees is VV*°V-dicomplete.
Compl: Complementedness for countable posets is V3V-dicomplete.
InfDiamconn: Unboundedness of the diameters of connected components for
countable graphs is 3°°3V-dicomplete.

Cauchy: Cauchyness for rational sequences is V+v>°-dicomplete.

e SimpNormal: Simple normality in base 2 for real numbers is V+vV°>°-dicomplete.
e Perfectyn: Perfectness for countable binary trees is V(V — 3V)-dicomplete.

The

true complexity of these “classically II3-complete” problems is desplayed

as in Figure 1. Here, for quantifier-patters P, Q, the arrow P — Q means that a
P-complete problem is many-one direducible to a Q-complete problem. No further
arrows can be added.

Let us summarize our key idea behind this classification. When we look at natu-
ral IT3-complete problems, we find that they often contain quantifiers of the form V*°
and 3°°, rather than just V3V. The order in which these four quantifiers V, 3, V°°, 3>
occur in a formula is closely related to the complexity of the corresponding problem.
Therefore, it is important to determine how many quantifier-patterns (i.e., finite
strings on {V, 3,V>°,3°°}) can exist at each level of the arithmetical hierarchy. In
this article, we also show the following;:

e The number of (di-)many-one equivalence classes of Il quantifier-patterns

is exactly 1.
V3.

e The number of (di-)many-one equivalence classes of ¥y quantifier-patterns

is exactly 3
IV, VOV, Ve

e The number of many-one equivalence classes of Y3 quantifier-patterns is

exactly 3.
V3, veed%e, veed.
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e The number of many-one equivalence classes of II3 quantifier-patterns is
exactly 5.
V3V, IVOV, IV, WOV, W,
e The number of di-many-one equivalence classes of II3 quantifier-patterns is
exactly 7.
V3V, 3°° 3V, IVV, IOV IOV, WO, WYC.

Let us comment on one more important point. Although we have presented our
results here in the context of many-one reducibility, the results of this article are all
applicable to Wadge reducibility (a continuous version of many-one reducibility), a
well-studied notion in descriptive set theory [28, 12]. In fact, the study of Wadge
reducibility in intuitionistic descriptive set theory [24, 25, 26, 27] is what triggered
our study.

Our results are applicable to both classical and constructive logics; this article
provides a new perspective and powerful techniques for research on the arithmetical
hierarchy (the Borel hierarchy) in both logics. As for the latter, there has been a
growing interest in constructive logic, and in recent years, there has been a rise in
the number of studies on the arithmetical hierarchy in constructive logic, e.g. [1, 3,
4,6,7,8,9, 10, 11, 18, 20]. Developments linked to these are also expected.

2. BASIC DEFINITIONS

For the basics of computability theory, see [19]. For an abstract foundation of
this research, see the author’s previous article [13].

2.1. Quantifier. In this article, we consider only arithmetical quantifiers; that is,
bounded variables range over the natural numbers. However, some free variables
may range over (indices of) total functions. We also deal with quantifiers 3°°
and V°°, which express “for infinitely many’ and “for all but finitely many (for
cofinitely many),” as well as the existential quantifier 3 and the universal quantifier
V. Formally, quantifiers 3°° and V°° are defined as follows.
I*°n. p(n) = VmIn > m. p(n),
Vn. p(n) = Im¥n > m. p(n).
From here on, the term “quantifier” refers to one of 3, V, 3°°, or ¥V*°. A finite

sequence (Qp,Q1,..., Q) € {3,V,3°°,V>*}* of quantifiers is often abbreviated to
QoQ1 ... Qy, and called a quantifier-pattern.

Definition 2.1. Let QyQ1 ... Qe be a quantifier-pattern. A formula of the following
form is called a QpQ; . .. Q¢-formula.

Qon0Q1n1 ey Q[ne (9(77,0, Nyy...,Ny, x)
Here, 6 is a bounded formula.
Example 2.2. A 3V3-formula is exactly a Y3-formula.

~ We introduce a notion for comparing quantifier-patterns. For quantifier-patterns
P and R and a quantifier Q, consider the following rewriting rules:

P3*°R — PY3R; PVY*R — P3VR; P33R — PIR; PWWR — PVR; PR — PQR.
Definition 2.3. A quantifier-pattern Q is absorbable into Q' if one can obtain Q’
from Q by applying the above rewriting rules a finite number of times.
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FIGURE 2. Example of absorption relations for Y3 quantier-patterns.

In this case, we write Q —=* Q’, or Q — Q’ for brevity.
Example 2.4. YV°°V is absorbable into V3V:
YWV — VIV — VaIV.
Example 2.5. All of the following are absorbable into 3v3:
Vo0d, 33°°, Vo030, IveCd, VooV d, IV, 33°° 3, FvedSe, veovaee,
Vo030, IveeVd, Iv3oe, Iveevdee, veevaed Jvee 3o, JveevIeed.

In Figure 2, a solid arrows indicate an absorption relation. A dotted arrow is a
di-reducibility relation obtained by Proposition 2.25 below.

Definition 2.6 (Arithmetical hierarchy). The classes ¥, and II,, of quantifier-
patterns Q are defined inductively as follows.
(1) 3,V,3%°,V*> are ¥y, 113, Iz, Xy respectively.
(2) If Q is 3y, then 3Q,VQ,3I*°Q,V°Q are Xy, I, 41, 41, X2, Tespectively.
(3) If Q is IT,,, then 3Q, VQ, 3°Q,V>°Q are X, 1, I, 1,12, Xy 11, respectively.

Obviously, this definition is consistent with the classical definition of the arith-
metic hierarchy.

Observation 2.7. For I' € {¥,,11,.}, if a quantifier-pattern Q is T, then a Q-
formula is a U-formula (in the classical sense).

Observation 2.8. Let I be either X or 11, and let T be the other. If P is T, and
is absorbable into Q then Q is either Ty, for some m >n or F for some m > n.

For quantifier-patterns P, Q, we say that P = (P;);<x is a subpattern of Q =
(Qj)j<¢ if there exists a strictly increasing map h: k — £ such that P; = Q)
holds for any ¢ < k.

Proposition 2.9. A quantifier-pattern Q is Ny iff there exists a pattern Q' in
Ezample 2.5 such that Q is absorbable into Q' and vice versa.

Proof. (<) It is clear that the quantifier-petterns presented in Example 2.5 are all
¥3. By Observation 2.8, Q <+ Q' € X3 implies Q € 5.

(=) Let Q be a Yz-pattern. Let PQ’ be the longest tail of Q (i.e., Q is of the
form RPQ’) which is ¥3. Looking at Definition 2.6, the only quantifiers that yield
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Y3 are 3 and V>, so P € {3,v>®}. If P = 3, then Q" is Ily. If P = V> then Q’
is either Il or ¥;. It is easy to see that a Ily-pattern contains 3°° or V3 as a
subpattern. A ¥-pattern clearly contains 3. To summarize the above, Q contains
one of 33 ¥4, V°°3>*° V> as a subpattern. Furthermore, all of these subpatterns
are Xs.

If the addition of a quantifier to a Y3-pattern still maintains X3, then it can only
be one of the following: Add 3 after 3°° or before V*>°; add V before 3°° or after
V°°; insert 3°° between V and 3; or insert V°° between 3 and V. Regardless of which
of 33°° ¥4, V>°3>° V¥V>°T is the starting point, the insertion result saturates in the
form of 3v>°v/3%°3*. Since the duplication of 3 (V, respectively) can be mutually
absorbed into a single 3 (V, respectively), it reaches Iv>°V3>°3. Therefore, we only
need to consider subpatterns of 3V°°V3°>°3, but if we eliminate the duplication of 3
and V, these are all covered by the quantifier-patterns presented in Example 2.5. O

Declaration: In this article, an (arithmetical) formula always refers to a Q-formula
©(Z) for a quantifier-pattern Q. Here, ¢ is assumed to contain no parameters other
than Z, and T is a sequence of natural numbers or (indices of) total computable
functions. A computable function parameter is always a free variable; that is, quan-
tification over a computable function parameter never appears in a formula, even
if a computable function is identified with its index (which is a natural number).

The reason we deal with function parameters is because we analyze decision
problems on countable structures, where a computable structure is coded by a to-
tal computable function (see Section 3.1). By the Kreisel-Lacombe-Shoenfield the-
orem [15], there is no difference between total computability over total computable
functions and total computability over their indices, so we simply consider each
function parameter z; as a total computable function (or a computable element in
w®) rather than its index.

2.2. Realizability. We now consider the notion of witness for a formula, and also
a transformation of a given witness « into another witness 8. As for the latter, the
modern approach is to think of a witness a as being given as an oracle, and then
transforming it into another witness 5 in a computable way — this is the approach
of “topological objects, computable morphisms [2].” Formally, we consider Kleene’s
functional realizability interpretation for arithmetical formulas (see [23]).

In the following, we use the identifications w x w* ~ w* and (w*)* ~ w* without
mentioning. So, for a € w* ~ (w*)¥, a(n) is still an element in w*; that is, a(n)(m)
is identified with a((n,m)).

Definition 2.10 (Kleene). For oo € w® and a formula ¢, the binary relation « I+
©(Z) is inductively defined as follows:

alF0(z) < a=17and 0(z) (for bounded 0)

{t,a) IF Inp(n,z) <= alk p(t,T)
alFVne(n,z) <= a(n) Ik ¢(n,z) for all n € w
{t,a) IFV°np(n,z) < a(n)lk o(n,z) for all n >t
alF I%np(n, ) < w1 oa(n)lk ¢(ng o a(n),z)

and 7y o a(n) > n for all n.

If o Ik o(Z), then we say that « is a witness for p(Z).
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We only consider >3- and II3-formulas in this article, so the definition of func-
tional realizability can be simplified. This is because a witness for the inner Il,-
subformula can be restored in a computable way without explicitly giving it, so it
can be omitted. For instance, a witness for a X3 formula can be replaced with a
sequence of existential witnesses for the outermost block of existential quantifiers.

Example 2.11. A (simplified) witness for a IV*°3*°-formula FJaV>°b3*°cy(a, b, ¢, x)
is a pair (a,b’) such that the IIy-subformula Vb > b'3®cp(a, b, ¢, x) is true.

Example 2.12. A (simplified) witness for a ¥3*°V-formula Ya3>*bVcyp(a,b, ¢, x)
is a function h such that, for any a and b, h(a,b) > b and the II;-subformula
Vep(a, h(a,b),c, x) is true.

As mentioned in Section 1, our key idea for distinguishing various natural deci-
sion problems is not to identify a decision problem with a subset. In other words,
we consider a formula itself to be a decision problem. Based on this perspective,
various computability-theoretic notions can be redefined as operations on formulas.

Definition 2.13 (see [13]). A Q-formula ¢(7) is many-one reducible to a Q'-formula
¥ (Z) if there exist computable functions n,r_,r, such that the following holds:
(1) ¢(z) is true iff ¥(n(z)) is true.
(2) alF p(z) implies r_(a, Z) IF ¥ (n(x)).
(3) alk¢(n(x)) implies r4 (o, z) IF p(Z).
In this case, we write ¢(Z) <p ¥(Z). Often, the free variable part T is omitted,
and ¢(Z) <m ¥(Z) is simply written as ¢ < 9.

In other words, ¢ <., v iff there exists a computable function 7 such that
o(Z) + ¥(n(z)) is realizable. Here, r_ is a realizer for the forward implication
©(Z) = Y(n(x)), and r4 is a realizer for the backward implication ¢(Z) < ¥ (n(Z)).
Its polytime version has been introduced by Levin [16]; see also [13].

Definition 2.14. An arithmetical formula ¢ is strictly Q—conzplete if pis a Q-
formula and ¢ <y ¢ for any Q-formula 9. A formula ¢ is Q-complete if it is
m-equivalent to a strictly Q-complete formula.

Proposition 2.15. A Q-complete formula exists for any quantifier-pattern Q.

Proof. Given a quantifier P and an arithmetic formula ¢, the formula Py is defined
as follows. For each T = (z)new,

(Po)(@,9) = Pn. p(n, 9)

The free variable part y is omitted below. We show that ¢ <, 1 implies Py <,
Pv. Assume ¢ <., ¢ vian,r_,r,. Then define n'(Z) = (n(zn))new for T = (Tn)new-

(P = 3): A witness for (J¢)(z) is of the form (¢,a). Then o witnesses ¢(x),
so r— (o, xt) witnesses ¥ (n(x¢)). Hence, (t,7_ (o, z¢)) witnesses (3¢)(n’(x)). There-
fore, r’_: (t,a) — (t,r_(a, x¢)) gives a realizer for the forward direction. A similar
argument applies to the conversion from a witness for (3)(n'(x)) to a witness for
() ().

(P = V): If a witnesses (Vo)(Z) then a(n) witnesses ¢(x,), so r_(a(n),x,)
witnesses ¥(n(z,)). Hence, An.r_(a(n),z,) witnesses (V¢))(n'(Z)). Therefore,

i a = Anor_(a(n),z,) gives a realizer for the forward direction. A similar

argument applies to the conversion from a witness for (Vi)(n'(Z)) to a witness for

(V) (2).
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(P = V*): A witness for (V*°¢)(Z) is of the form (¢,«). For any n > t, a(n)
witnesses (), so r_(a(n),z,) witnesses ¥(n(z,)). Hence, (¢, An.r_(a(n),z,))
witnesses (V*°9)(n'(Z)). A similar argument applies to the conversion from a wit-
ness for (V*°9)(n'(Z)) to a witness for (V>°p)(Z).

(P = 3%): If a witnesses (3°°¢)(Z) then for «;(n) = m;(a(n)) we have ap(n) > n
and v (n) witnesses ©(Zq,(n)). Therefore, 7_ (a1 (n), o, (n)) Witnesses ¥(n(Ta,n)))-
Hence, Mn.{ao(n),r—(a1(n), Zay(n))) witnesses (3%9)(n'(Z)). A similar argument
applies to the conversion from a witness for (3°°¢)(n'(Z)) to a witness for (3°¢)(Z).

Now, inductively assume that a Q-complete formula (Q) is given. If we define
(PQ) = P(Q), then by the above discussion, (PQ) is PQ-complete. By induction,
this shows that there exists a Q-complete formula for any quantifier-pattern Q. O

Example 2.16. The following is an example of a 3°*°V*°V-formula:
F°nVemvk. x(n,m,k) =0
We fix a Q-complete problem (Q).

Observation 2.17. If a quantifier-pattern Q is absorbable into Q', then (Q) <m
Q).

Now, let us think about Y5 formulas. Analyzing natural examples of Y5 prob-
lems, we find that typical examples are described by one of V™ V™V, 3V. If we
consider Yo problems to be ¥, sets, we will not be able to distinguish between
them at all, but by directly analyzing the complexity of decision problems as for-
mulas rather than subsets, we can understand the differences between them. In
fact, the author [13] has shown that the Yp-patterns V*°, V*°V and 3V each yield
different levels of complexity:

Fact 1 ([13]). (V) <p (V°V) <py (IV).
2.3. Dual quantifier. The dual Q? of a quantifier Q is defined as follows:
F=v, V=3, @°)=v>, (F*)¢=3"
The dual of a qllantifer—patterrl Q=QuQ;...Qis deﬁ_ned as Q4 = QgQ‘i| L. Qg.
The dual ¢¢ of a Q-formula ¢ = Qnf (7, x) is defined as Q4n—0(n, z); that is,
(Qon0Q1n1 .. Qeng O(no,ma, ..., 0y, x))d = anoQ‘fnl .. ang =0(no,n1,...,ng ),

where 6 is a bounded formula. Of course, classically, the dual @9 of an arithmetical
formula ¢ is merely the negation —p.

Observation 2.18. The dual ¢¢ of a Q-formula ¢ is a Q?-formula.

Definition 2.19. For pairs (¢, ¢’) and (1,v’) of formulas, we say that (p,¢’) is
many-one reducible to (1,¢") if ¢ < ¥ and ¢’ <, ¢’ via a common 7. Here,
realizers r_ and 7 can be different. In this case, we write (p, ") <m (¢, ¢').

Definition 2.20. A formula ¢ is many-one di-reducible to 1 if (i, o) <m (¥, 99).
In this case, we write ¢ <gm t. A formula ¢ is strictly Q-dicomplete if ¢ is a
Q-formula and ¥ <4m <p_for any Q-formula . A formula ¢ is Q-dicomplete if it is

dm-equivalent to strict Q-dicomplete formula.

Proposition 2.21. A Q-dicomplete formula exists for any quantifier-pattern Q.
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Proof. In fact, the proof of Proposition 2.15 shows that ¢ <., ¥ implies Pp <., P,
but since the reduction 7 is the same regardless of P, so in fact the previous proof
shows that ¢ <p, ¥ implies Py <p, Py. Therefore, the Q—complete formula <Q>
constructed in Proposition 2.15 is actually Q-dicomplete. (I

Observation 2.22. If a quantifier-pattern Q is absorbable into Q' then (Q) <pm
Q).

Let us extract the following useful lemma from the proof of Proposition 2.21.

Q) <m (Q) implies (PQ) <m

Lemma 2.23. For quantifier-patterns P,Q,

/
(PQ"Y. Similarly, (Q) <dm (Q') implies (PQ) <gm (PQ’).
Proof. As mentioned in the proof of proposition 2.21, ¢ <, ¥ implies Py <, P,
and ¢ <gm ¥ implies Py <g4m P1. O

Using this lemma, we can obtain some reductions that cannot be obtained im-
mediately from the absorption relation.

Proposition 2.24. (V3) <n, (3°°) holds; hence (QvI) <m (Q3I*) for any quantifier-
pattern Q.

Proof. For the first assertion, given T = (&, )new, we construct y = n(Z) satisfying
the following:

Vm3k. x,, (k) #0 < 3%t y(t) #0.

We inductively construct m[s]. First put m[0] = 0. Assume that m/[s] has already
been constructed at stage s. If 2,5 (k) # 0 for some k < s, then put y(s) = 1 and
m[s + 1] = m[s] + 1. Otherwise, put y(s) = 0 and m[s + 1] = m[s]. One can easily
see that this gives the desired reduction. Then the second assertion follows from
Lemma 2.23. ]

As mentioned in Fact 1, the dual of the above result does not hold. For dire-
ducibility, we need to weaken the statement as follows:

Proposition 2.25. (3) <4m (3%°) holds; hence (Q3I) <gm (QI®).

Proof. For the first assertion, given z, we construct y = n(z) satisfying the follow-
ing:
Jtox(t) A0 < Vst >s. y(t) A0

To be explicit, put y(¢,u) = z(t). Then obviously, the above equivalence holds,
and the corresponding realizers can be easily obtained. For the dual reduction,
since the dual of the left side does not involve a witness (since it is a V-formula),
it is sufficient to show that whenever x satisfies the dual of the left side, we can
obtain a witness for the dual of the right side. Suppose that x(t) = 0 for any ¢. In
this case, y(t,u) = 0 for any (t,u), so s = 0 is a witness for the right-hand side.
Then the second assertion follows from Lemma 2.23. O

To make it easier to understand the discussion from here on, let us illustrate
the relationship between Y3- and Il3-patterns in advance as Figure 3. Here, the
arrow P — Q implies (P) <, (Q), regardless of whether it is a dotted line or a solid
line. Later we will see that all classes of quantifier-patterns that belong to a region
enclosed by a polygon or ellipse are =,,-equivalent.
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F1GURE 3. The many-one classification of ¥3- and II3-patterns

3. NATURAL COMPLETE PROBLEMS

Here, we perform a detailed analysis of classical ¥3- and II3-complete problems.

3.1. Countable structure. In this article, we often deal with countable structures
such as countable partial orders and countable graphs. Since they are all countable
binary relations, we present how to handle countable binary relations. A countable
binary relation we deal with in this article is a pair (X, R) where X C w and
R C X2. A code for a binary relation (X, R) is (p,q) € w* x w“*“ ~ w* such that
X={n€ew:pn)=1}and R = {(a,b) € w?: q(a,b) = 1}. From now on, a binary
relation is always identified with its code.

The set of all finite sequences from X is written as X<%. A tree refers to a
acyclic directed graph with a root, but in this article, a tree is treated as a subset
of w<¥ that is closed under taking initial segment.

3.2. YW°V: Local finiteness. Let us take a closer look at various IIz-complete
problems. Interestingly, the form that appears most often does not seem to be
V3aV. First, let us take a look at VV*°V-formulas (where note that the quantifier-
pattern VWV is II3). The following VV*°V-dicomplete formula is useful for gaining
an intuition of YV*°V.

Observation 3.1. The following formula is YW°°V-dicomplete:
Yn3kVt. z(n,t) < k.

Proof. The boundedness for a sequence, Bdd = 3kVt. z(t) < k, is V>°V-complete
[13]. For the dual, a witness for a V3-formula is always computable, so the dicom-
pleteness follows automatically. That is, Bdd =pm (¥°V). By the same discussion
as in Lemma 2.23, we get VBdd =pm (VW°V). The formula in the assertion is
nothing other than VBdd, so the proof is complete. O

The VYV*°V-dicomplete formula described above, in a nutshell, expresses the prop-
erty “being bounded everywhere.” Thus, typical examples of ¥W*°V-formulas are
those related to local finiteness.

A partial order is locally finite if every interval contains finitely many elements.
A graph is locally finite if every vertex has finite degree. A locally finite tree is often
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called a finitely branching tree. To be precise, we consider the following properties
for a partial order P, a graph (V, E) and a tree T

LocFinpo: Va,be P 3k |{ce P:a<pc<pb}| <k
LocFing: VaeV 3k [{beV : (a,b) € B} < k.
FinBranch: Vo eT 3k |[{n€w:0"neT} <k.

Here, for a set A, |A] < k denotes that the cardinality of A is at most k. That
is, |A| < k is an abbreviation of the following formula:

Veg, ety €A <k (G#F N ¢ =c¢j).

The above three formulas are all just II3 formulas in the classical sense. Note
that the 3k in these definitions can be replaced with V*°k, so they can be considered
YV°V-formulas.

Proposition 3.2. LocFinpg is VW>°V-dicomplete.

Proof. As in the above argument, one can easily see LocBddpo <gm (VV*°V). For
YV>°V-dicompleteness, by Observation 3.1, it remains to show VBdd <y, LocFinpg.
In order to show this, given © = (z,)new, We construct a partial order P = n(x)
such that

Vn3kVt. z,(t) < k <= P is locally finite.

The construction proceeds as follows. First, put the bottom element 1 and
infinitely many pairwise incomparable elements {a, }ne, in P. Moreover, for any
n, if ,(t) > k for some ¢, then insert cj , between L and a, for the least such
t. Here, if (k,t) # ((,s) then c}, is incomparable with ¢ .. Formally, L, ay, ¢y,
can be coded as (0,0,0,0),(1,n,0,0),(2,n, k,t), respectively, for example. This
construction gives a reduction 7 for VV*°V-dicompleteness.

Let us analyze this construction. The only comparable elements in P are 1. <p
Ckt <P Gp, and all others are incomparable. Moreover, there is nothing in the
intervals [L, ¢} ;] and [c} ;, an] except for the endpoints, so the only intervals that
can contain multiple elements are [ L, a,]. Thus, given (p,q) is of the form (L, a,),
only elements of the form ¢}, are enumerated in the interval [1,a,], but at most
one such element is enumerated for each k. Therefore, that k is an upper bound for
Z, is equivalent to that the cardinality of the interval (L, a,) is less than or equal
to k.

In order to show VV°°V-completeness, let n — k, be a witness for VBdd(z). We
need to find a witness for local finiteness of P = n(x). Given p,q € P, if (p,q) is
not of the form (L,a,), then there is nothing in this interval as discussed above,
S0 upq = 0 is an upper bound for the cardinality of this interval. If (p,q) is of
the form (L, a,), the given upper bound k,, for z, is also an upper bound for the
cardinality of the interval (L,a,) as discussed above. In this case, put u, , = kn,
and then (p,q) — u,p 4 is a witness for LocFinpo(P).

Conversely, let (p, ¢) — up 4 be a witness for LocFinpo(P). In particular, for any
N, U] 4, is an upper bound for the cardinality of the interval (L, a,), which is also
an upper bound for z, by the above argument. Hence, n — v, 4, is a witness for
VBdd(z).

Next we show the 33°°3-completeness of the dual (LocFinpg)?. Let n be a witness
for (VBdd)d(x). This means that z,, has no upper bound, so the interval [, a,,] has
infinitely many elements; hence (L, a,,) is an witness for (LocFinpg)d(P).
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Conversely, let (a,b) be a witness for (LocFinpo)d(P). Then this must be of the
form (L, a,) and such n is a witness for (¥Bdd)4(z) by the above argument. O

Proposition 3.3. LocFing is YW*°V-dicomplete.

Proof. As before, LocFing <, (VW*°V). In order to show VBdd <4 LocFing, given
& = (n)new, we construct a graph G = n(z) such that

Vn3kVt. x,(t) <k <= G is locally finite.

The construction proceeds as follows. First put a special vertex u in G = (V, E).
Moreover, for any n, if ,,(t) > k for some ¢, then put a vertex v}’ , which is adjacent
only to u for the least such ¢. That is, (u, ”1?,75) € F for such vﬁt. Formally, u, vy,
can be coded as (0,0,0,0), (1,n, k, t), respectively, for example. This construction
gives a reduction 7 for VV°°V-dicompleteness. The proof of the dicompleteness is
the same as before. O

In exactly the same way, one can also show the following.
Proposition 3.4. FinBranch is YV°V-dicomplete.

3.3. YW*°: Local finiteness for codes. Local finiteness discussed in Section 3.2
can also be expressed in a different way. Consider the following properties for a
partial order P, a graph (V| E), and a tree T

LocCFinpo : Va,be PV*®ce P (a<pb— —(a<pc<pb)).
LocCFing: VYaeV V*®beV. (a,b) ¢ E.
CFinBranch: Vo € TV®n.o " n¢gT.

The difference from Section 3.2 is that a witness is not an upper bound for the
cardinality, but an upper bound for the code. The existence of an upper bound
for the cardinality of a set A is classically equivalent to the existence of an upper
bound for the codes {a € w : a € A} of the elements of A (where a is a code of a),
but the difficulty of finding them can be different. Of course, the coded versions
are a little unnatural, but let us analyze these notions as well.

Proposition 3.5. LocCFinpg is VV°°-dicomplete.

Proof. Clearly, LocCFinpg is a VV*°-formula. Hence, it suffices to show (VW) <4n,
LocCFinpg. Given x = (zp)new, we construct a partial order P = n(z):

VYnasVt > s. x,(t) =0 <= P is locally finite.

The construction is almost the same as in Proposition 3.2. First, put the
bottom element | and infinitely many pairwise incomparable elements {a, }ncw
in P. Moreover, for any n, if z,(k) # 0, then insert ¢} between L and a,,.
Now, the codes are important. Formally, we assume that L,a,,c}; are coded as
(0,0,0), (1,n,0),(2,n, k), respectively. This construction gives a reduction n for
VYV*°V-dicompleteness.

In order to show ¥V*°-completeness, let n — s, be a witness for € (VW*°); that
is, z,,(t) = 0 for any t > s,,. Then take the largest t < s,, such that x,,(¢) # 0. Given
p,q € P, if (p,q) is not of the form (L, a,), then there is nothing in this interval,
so take any number ¢, , = 0. If (p,¢) is of the form (L,a,), the construction
enumerate nothing into the interval after cj’, so let ¢, 4 be the code of ¢f; that is,
Cp.g = (2,n,t). Then (p,q) — ¢pq is a witness for LocCFinpo(P).
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Conversely, let (p,q) — ¢p,q be a witness for LocCFinpo(P). This means that if
a > ¢p q then a is not contained in the interval (p, g). For each n, a sufficiently large
sy satisfies ¢ 4, < (2,n,s,). This is a code of ¢ , so L <p ¢} <p a, fails. By
definition, this implies that x,(t) # 0 for any t > s,. Hence, n — s, is a witness
for (VW) (z).

Next we show the 33°-completeness of the dual (LocCFinpg)?. Let n be a
witness for (33°)(z), which means that x,(t) # 0 for infinitely many ¢. Then
the interval [L,a,]| contains infinitely many elements, so (L,a,) is a witness for
(LocCFinpo )4 (P).

Conversely, let (p,q) be a witness for (LocCFinpg)4(P). Then this must be of
the form (L, a,) and such n is a witness for « € (33°°) as in Proposition 3.2. [

Proposition 3.6. LocFinite(G) is VW -dicomplete.

Proof. As before, LocCFing <, (VW*°V). In order to show (V¥*°) <4 LocCFing,
given & = (2, )necw, We construct a graph G = n(z) such that

Yn3sVt > s. z,(t) =0 <= G is locally finite.

The construction proceeds as follows. First put a special vertex u in G = (V, E).
Moreover, for any n, if x,,(k) # 0, then put a vertex v} which is adjacent only to
u. That is, (u,v}) € E for such v}. Formally, we assume that u,v} are coded
as (0,0,0), (1,n, k), respectively. This construction gives a reduction n for Vv>°-
dicompleteness. The proof of the dicompleteness is the same as before. (I

In exactly the same way, one can also show the following.
Proposition 3.7. FinBranch is YW°°-dicomplete.

3.4. VAlV: Universality. As an example of a YV*°-complete formula, in Section
3.3, we have given an alternative presentation of local finiteness, but it is somewhat
unnatural, as it relies on how to code a structure (i.e., it uses the order on the codes).
Therefore, here we give another natural example of a ¥¥V*°-complete formula. What
we present here is a formula related to some kind of universality. However, this does
not appear in the form of a VV*°-formula, but rather in the form of a V3!V-formula,
where 3! expresses the unique existence. Let us look at a concrete example.

A partial order P is a lattice if any two elements a,b € P have the infimum a A b
and the supremum a V b. Formally, this is the following formula:

Lattice : Va,b€ P3c,d€ PYe€ Plc<pa,b<pdA
(e<pa,b—e<pc) A (a,b<pe—d<pe).
The elements ¢ and d in the above formula represent the infimum a A b and the
supremum a V b, respectively. The key point of this formula is that the infimum
and supremum are unique if they exist. Thus, the existential quantifier 3 in the
above formula can be replaced with the unique existential quantifier 3!. In other

words, the formula expressing a lattice is not only of the V3V-type, but also of the
V3lV-type.

Definition 3.8. A V3V-formula Ya3bVc(a,b, ¢, x) fulfills the V3'V-condition if the
following holds:
Ya3bVeb(a, b, c, z) + Ya3 Ve b(a, b, c, )

Lemma 3.9. If a V3V-formula ¢ fulfills the V3IV-condition, then ¢ <pm (VV°).
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Proof. Assume that ¢(z) = Vn3kVLO(n, k, £, x) fulfills the V3!V-condition. To show
© <pm (¥V°), given x, we construct y = n(x) such that

VYnIkVe. O(n, k, L, x) < YnV>t. y,(t) = 0.

The construction proceeds as follows. First, y, has a unique guess k, for k
for each stage s. We first set kg = 0. We inductively assume that ks has been
constructed. If the guess is found to be wrong at stage s, that is, if there exists
¢ < s such that 0(n, ks, ¢, z) is false, then put y,(s) =1 and ks41 = ks + 1. If the
guess is still correct, then put y,(s) =0 and ksy1 = ks.

Let n +— k(n) be a witness for ¢(x). By the V3lV-condition, k(n) is the only one
that makes 0(n, k, ¢, x) true for any ¢. Since other guesses are incorrect, we will
eventually reach ks, = k(n). For the least such s,,, the guess ky, cannot be refuted
after this stage, so we have y, (t) = 0 for any t > s. Therefore, n > s, is a witness
for (v7°°)(y).

Conversely, let n — s, be a witness for (VW*°)(y); that is, y,(t) = 0 for any
t > sp,. This means that the guess ks is not refuted after stage s, so 8(n, ks, ¢, )
holds for any £. Therefore, n — ks, is a witness for p(z).

The same argument applies to the dual. O

Theorem 3.10. Lattice is VV*°-dicomplete.

Proof. As seen above, Lattice fulfills the V3!V-condition. Thus, by Lemma 3.9,
we get Lattice <y (VW*°). It remains to show the converse direction (VW) <yn
Lattice. Given x = (xy,)new We construct a partial order P = n(z) such that

YndsVt > s. x,(t) =0 <= P is a lattice.

The construction proceeds as follows. First put the bottom element |, the top
element T and infinitely many pairwise incomparable elements {a, b, }neo in P.
Moreover, for each n, insert an increasing sequence C,, = {c}} : z,(k) # 0} between
1 and {an, b,}; that is, if ¢}, ¢} are defined for k < ¢, then

1L <p Cz <p C? <p an,bn.

This construction gives a reduction 7 for VV°°-dicompleteness. Let us analyze
this construction. We call {ay, b, } UC,, the nth block. For a pair {u,v} of elements
in P, if u and v belong to different blocks, then uAv = 1 and uVv = T, respectively.
Assume that w and v both belong to the nth block. If {u,v} # {an,bn}, then u
and v are comparable, and one can check which one, u <p v or v <p u, holds true.
If the former holds, u Av = w and u V v = v, and if the latter holds, u A v = v and
uVo =u. If {u,v} = {an, by}, then a, Vb, = T, so only a, Ab, depends on z. For
the infimum a, A b,, only the increasing sequence C,, is inserted between 1 and
{an,bn}, s0 an A by, is the maximum element of C,,. If C,, is an infinite set, then
there is no maximum element, so a,, A b, also do not exist. Therefore, that P is a
lattice is equivalent to that {a,,b,} has a infimum for any n, which is equivalent
to that C,, is finite for any n.

First, we show the VV*°-completeness of Lattice. Let n — s, be a witness for
(VW) (z); that is, x,(t) = 0 for any ¢t > s,. By checking the values of z,(t) for
t < s,, we can compute the smallest witness s, < s,. In this case, the largest
element in C), is Cgil—l' Therefore, the infimum of {a,,b,} is Cgil—l' Conversely, if
a witness for P being a lattice is given, in particular, we have (a,,b,) — an Ab,. As
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discussed above, such an a, A b, is in the form of cz(n), and CZ(n) is the maximum
element of C,,, so n — k(n) gives a witness for (VW) (x).

Next, we show that the 33°°-completeness of the dual Lattice?. Let n be a witness
for € (33°°); that is, there are infinitely many ¢ such that z,(¢t) # 0. In this case,
C), is an infinite set, so there is no infimum of {p,,q,}. Therefore, {p,,q,} is a
witness for Lattice?(P). Conversely, if a witness for Lattice?(P) is given, it is always
in the form of {p,,qn}. Recall that {py,q,} is a witness for Lattice®(P) iff C,, is
an infinite set, which means that there are infinitely many ¢ such that x,(t) # 0.
Therefore, n is witness for (33°°)(x). O

3.5. ¥YW*°: Verifiability. Next, let us look at an example that does not look like
a YV>°-type at first glance, but actually is.

A partial order P is atomic if every non-bottom element a € P bounds a minimal
element. Formally, this is the following formula:

Atomic: VadWela>p L = (L <pb<pa A ~(L<pc<pb).

Of course, the part 3bVe in the above formula cannot be replaced with either
JbYe > b or 3!bVc, so at first glance, this is neither the YV*°-type nor the V3!V-type.
Now the key observation is that this problem has the property of verifiability: If we
have at least one witness a — b, for Atomic(z), then for any pair (a’,b'), one can

verify whether or not b’ is a witness at a’ (that is, b’ is a minimal element below
a).

Definition 3.11. A V3V-formula ¢ = Va3bVe 0(a, b, ¢, x) is verifiable if there exists
a partial computable function verify such that for any witness w for x € ¢ the
following holds for any a and b:

1 if Ve (a,b,c, ),

verify(w, a, b, x) = {0 otherwise

Example 3.12. Atomic is verifiable. To see this, let w be a witness for Atomic(z).
If b is minimal, w(b) = b. If b is not minimal, then either b = L or w(b) < b.
Therefore, b is a witness at a (that is, b is a minimal element below a) iff either
a=_lorw(a)=a=bor L <pw(b) =b <p a. This decision is clearly computable.

Lemma 3.13. If a V3AV-formula ¢ is verifiable, then ¢ <qm (VV°).

Proof. Let ¢ be of the form VnImVk.z(n, m, k) = 0. Slightly modifying the reduc-
tion 7 in the proof of Proposition 2.24, given x, one can construct y = n(x) such
that

YnamVk. x(n,m, k) =0 <= VYnV>°t. y,(t) = 0.

Recall that this reduction is defined by the process that, given n, searches for
the least m such that z(n,m,k) = 0 for any k. Hence, if ($,)ncw iS a witness for
(W) (y), then the m seen at the s,th stage of the search actually provides the
least witness at n. Conversely, if m = (my)new is a witness for € ¢, then for
each n/, search for the least m’ such that verify(m,n’,m’,z) = 1. Then simulate
the construction of y = n(x) until the stage s,/ at which the search process arrives
at m’. Then n’ — s, is a witness for (VW) (y).

For the dual, we only need to consider the n part, but since the reduction is a
parallel process for each n, it is easy to verify that n is a witness for 9(x) iff it is
a witness for (33%°)(n(z)). O
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Theorem 3.14. Atomic is VW°°-dicomplete.

Proof. By Example 3.12 and Lemma 3.13, we have Atomic <4, (¥V°°). In order to
show (VW) <4m Atomic, given x = (2, )new, We construct a partial order P = n(x)
such that

VYn3sVt > s. x,(t) =0 <= P is atomic.

First put the bottom element L in P. For each n,s, define P, s = {t > s :
Zn(t) # 0}. Then add the following elements to P.

{Pr.sitr,...sotes 18 Ew and t; € P, 4, for each i < ¢}.

Here, if 0 and 7 are incomparable, then p, and p, are also incomparable, and if
T properly extends o, we put L <p p, <p pg-

Now, let n — s, be a witness for (VW°°)(z); that is, z,(¢t) = 0 for any ¢t > s,.
To find a witness for P being atomic, let p = p, - € P be given. If s > s, then
P, s =10, s0 a(p) :== pnos is a minimal element. If s < s,, then check if z,,(¢t) =0
for any s <t < s,. If so, we know P, s = 0; hence a(p) := pn. s is & minimal
element. Otherwise, take t such that s <t < s, and z,(t) # 0. The latter means
t€ P, s, s0weget L <pDngsts, <P Dn,os, a0d Pn s s, 1S a minimal element as
in the above argument. Then put a(p) := pp,o,s.t,s,- 10 any case, L <p a(p) <pp
and a(p) is a minimal element. Hence, p — a(p) witnesses that P is atomic.

Conversely, let p — a(p) witness that P is atomic. Then, given n, compute
a(pno). If a(pn,o) = pn,o then p, o is minimal, which means P, o = 0, so z,(t) =0
for any ¢. Then put s,, = 0. Otherwise, a(py ) is of the form p,, » s, which must be
minimal, so this means P, s = 0); that is, z,,(¢) = 0 for any ¢ > s. Then put s,, = s.
In any case, n — s, is a witness for (VW*°)(z).

For the dual, let n be a witness for (33°°)(x); that is, z,(t) # 0 for infinitely
many ¢. In particular, P, s # () for any s. In particular, there is no minimal element
below py, 0. Hence p, o is a witness for Atomicd(P).

Conversely, let p, - s be a witness for Atomicd(P). Then there is no minimal
element below p,, » . In particular, some t € P, s exists. Then py .s.¢s <P Pn,o.s
for any s’. By the assumption, this is not minimal, too, so P, o+ # 0. Therefore,
for any s’ there exists t > s’ such that x,(t) # 0. This means that n is a witness
for (33°°)(z). O

3.6. VIV-dicomplete. All of the II3-problems discussed so far in Section 3 are
actually IIs-complete in the classical sense, whereas they are not V3V-complete
under <. Therefore, it would be interesting to see whether there are natural
V3V-(di)complete problems.

As an example of a V3V-dicomplete problem, we here propose the complement-
edness problem for partial orders. We assume that a poset P is bounded; that is,
it has the top element T and the bottom element 1. A complement of an element
a € P is an element b # a such that a Vb= T and a Ab= L. To be precise, there
is no ¢ such that either a,b <p c¢<p T or L. <p ¢ <p a,b holds. Such an element b
is not necessarily unique. A bounded poset P is complemented if every a € P has
a complement. Formally,

Compl: Vae P3be PYVce P —[(a,b<pc<p T)V(L<pec<pa,b).

Theorem 3.15. Compl is V3AV-dicomplete.
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Proof. Before starting the proof, let us explain the basic idea of our construction.
We first put the order ¢ <g po, p1 on the set S = {po,p1,q} of three symbols. Let
@ be the set of all finite subsets of w ordered by inclusion. Then, let us analyze the
structure of the product order S x Q.

(u,D) <gxq (v,E) <= u<gvand D CE.

This order has the least element (g, @), which is written as L. We write the poset
obtained by adding the top element T to S x @ as P.

Note that the complement of (p;, D) is (p1—;,@). This is because p; and p;_;
are incomparable, so the common upper bound of (p;, D) and (p;_;, () is only T,
and moreover, (p;_;,0) only bounds L = (¢,0). If D # 0, (¢, D) does not have a
complement. This is because, for any (u, F), the non-top element (u, DUE) <p T
bounds (g, D) and (u, F). Indeed, this is the least upper bound, so this construction
always gives a lattice.

Now, given z, we construct n(z) = P such that

Va3bvt. x(a,b,t) =0 <= P is complemented.

As a modification of the above construction, we prepare for a new symbol €} for
each a,b. Here, we assume that ¢ is coded in a way that allows a,b € w to be
extracted. We say that a finite set F C w is an (a,b)-refuter if either a ¢ E or
z(a,b,t) # 0 for some ¢. In this case, let t,; be the least ¢ such that z(a,b,t) # 0,
and put Ef = (E,t, ). Here, if a ¢ E then E} = (F,0). Note that if both D and
E are (a,b)-refuters then any subset of DU FE is an (a, b)-refuter. In particular, the
empty set () is always an (a, b)-refuter. Then we consider the following set:

Ref = {(ey, D) : D is an (a, b)-refuter}.

The decision of whether E is an (a, b)-refuter or not is not necessarily z-computable,
but the decision of (u, (E,t)) € Ref is z-computable (using the information on t).
Now consider S = {q} U {ef : a,b € w}. Here, ¢ is the bottom element of S, and
other elements of S are pairwise incomparable. A rough idea our proof strategy is
to consider S x () in the same way as before, but with a few corrections.

P=({¢} xQ)URefU{T}
The order on {¢} x @ is the product order. The order on the remaining parts
are generated by the following relations:

DCE = (¢,D) <p (e}, Dy) <p (3, E}),
ueEP = u<pT.

Here, D and E in the first line are (a,b)-refuters. Then let us analyze a
complement of each element of P. If (¢f, D) € Ref, then its complement is
(€5,09) for (¢,d) # (a,b). Here, as noted above, 0 is always a (c,d)-refuter, so
(€5,09) € Ref C P. Note that e and £ are incomparable for (a,b) # (c,d), so
the upper bound of (¢f, Df) and (£5,05) is only T, and the lower bound is only
1 =(q,0).

Next consider (g, D) for D # (). First, an element of the form (g, E') cannot be
a complement of (g, D), since they have an upper bound (¢, D U E). Therefore, we
only need to discuss whether an element of the form (ef, Ef') € Ref is a complement.

If D is not an (a,b)-refuter, then we must have a € D. Also, any C' O D is not
an (a, b)-refuter, so in particular, (¢, Cy) is undefined. Therefore, the upper bound
of (¢,D) and (ef, Ef) is only T. The infimum is (¢, D N E). Thus, the infimum of
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(¢, D) and (g¢,0%) is L = (¢,0), where we have (gf,0f) € Ref since () is always an
(a,b)-refuter as noted above. Hence, (ef,0f) is a complement of (g, D).

If D is an (a, b)-refuter, then (¢, D) and (ef, E') have an upper bound (ef, (D U
E)?) <p T, since the union of two refuters is again a refuter as noted above. Hence,
(e¢, Ef) is not a complement of (¢, D). Consequently, (¢, D) has no complement iff
D is an (a,b)-refuter for any a,b (where we only need to consider a € D).

Let a — b, be a witness for (V3aV)(z); that is, z(a,b,,t) = 0 for any a,t. To
find a witness for P = n(z) being complemented, it suffices to find a complement
of each element of the form (¢, D) € P. For each a € D, D is not an (a, b,)-refuter,
so we can take (g ,0f ) as a complement of (g, D) as discussed above.

Conversely, assume that a witness for Compl(P) is given. In particular, we have
information on a complement of each (g,{a}). As discussed above, (¢,{a}) has a
complement only if {a} is not an (a, b)-refuter for some b. Moreover, its complement
is necessarily of the form (ef, ), and (a,b) can be extracted from ef. Since {a}
is not an (a,b)-refuter, we have z(a,b,t) = 0 for any ¢t. Putting b, = b, the map
a — b, gives a witness for (V3IV)(z).

For the dual, let a be a witness for (3v3)(x). Then for any b there is ¢ such that
x(a,b,t) # 0, so in particular, {a} is an (a,b)-refuter for any b. Hence, (¢, {a}) has
no complement in P.

Conversely, assume that a witness for P not being complemented is given. Such
a witness must be of the form (¢, D) for some D # (). By the above argument,
(g, D) has no complement only if D is an (a, b)-refuter for any (a,b). This means
that if @ € D then, for any b, there is ¢t such that x(a,b,t) # 0. Therefore, for
instance, ¢ = min D is a witness for (IV3)(x). O

3.7. VWW>®: Asymptotic behavior. Interestingly, there is also an example of a
complete problem which is not dicomplete. As a concrete example, let us con-
sider the divergence problem Diverge. This is a problem that asks whether a given
sequence of natural numbers (z,,)nec. diverges to infinity.

Diverge :  VndsVt > s. x; > n.
The divergence problem is VV*°-complete, but the dual problem is not 33°°-
complete, but V*°3°°-complete.

Proposition 3.16. Diverge is VWV -complete.

Proof. Clearly, Diverge is a YV*°-formula. To show VV°°-completeness, given x =
(Zn)new, We construct a sequence y = n(x) of natural numbers such that
YVt xp(t) =0 <= y = (y(s))sew diverges.
We construct y as follows:
y(s) = min{n < s:x,(s) # 0} U {s}.

Let n — s, be a witness for (VW*°)(z); that is, z(t) = 0 for any ¢ > s,,. Then,
for s}, = maxm,<n Sm, we have y(t) > n for any ¢t > s/,. Therefore, n — s is a
witness for divergence of y.

Conversely, let n — ¢, be a witness for divergence of y; that is, y(s) > n for any

$ > t. This means that x,,(s) = 0 for any m < n. In particular, for any s > t,,11
we have x,,(s) =0, so n — t,41 is a witness for (VW) (z). O

Proposition 3.17. Diverged s Y3 -complete.
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Proof. For each sequence & = (2(s))secw of natural numbers, we have the following
equivalences:

z = (2(9))sew diverges <= YnVs. z(s) > n <= 3I®nV>s. z(s) > n.

This means Diverge <, (3°V>), and thus Diverge! <, (¥*°3°). To show
(v>°3°°) < Diverge?, given # = (,)new, we construct a sequence y = n(z) of
natural numbers such that

Voon3®t. z,(t) #0 <= y = (y($))sew does not diverge.

For each n,s, we inductively define a parameter c,[s]. Put ¢,[0] = n, and
inductively assume that ¢, [s] is defined for each n < s. Then check if the following
holds for ¢ = ¢, [s].

(1) Vmn<m<c — [{t <s:an(t)#0} >c).

Choose the least n < s satisfying (1), and put y(s) = n, and ¢ [s+1] = e [s] +1
for n < m < s+ 1. If there is no such n, put y(s) = s. For m < s+ 1, put
cm[s + 1] = cp[s] if this has not yet been defined. Clearly, (n,s) — c¢,[s] is
computable.

To see Y*°3°-completeness of Diverge?, let n be a witness for (v>°3%)(z); that
is, for any m > n, there are infinitely many ¢ such that x,(t) # 0. Hence, for any
fixed ¢, the property (1) holds for almost all s. Also, since the value of ¢ = ¢,[s]
does not change until this holds, (1) must hold. Then, our action ensures y(s) < n.
This occurs for all ¢, which means that y(s) < n for infinitely many s. Therefore,
n + 1 is a witness for non-divergence of y.

Conversely, let n be a witness for non-divergence of y; that is, y(s) < n for
infinitely many s. This means that (1) holds infinitely many times for n. Since the
value of ¢ = ¢, [s] increases each time (1) holds for n, for this to be the case, there
must be infinitely many ¢ such that x,,(t) # 0 for any m > n. Hence, n is a witness
for (Vo°3°°)(x). O

Although we need to use some separation results proven later, let us present the
following results in advance.

Corollary 3.18. Diverge is not VV°°-dicomplete, and Diverged is mot Y°°3*° -dicomplete.

Proof. By Theorem 4.2 and Theorem 4.12, we have (V°3*°) <. (33°°), so by
Proposition 3.17, Diverged cannot be 33°°-complete, which verifies the latter as-
sertion. By Theorem 4.2 and Proposition 4.10, we have (W) <, (3°°V>°), so
Proposition 3.16, Diverge cannot be 3°°V*°-complete, which verifies the former as-
sertion. O

The question, therefore, is whether Diverge can be positioned as a dicomplete
problem for some class of formulas. The answer is, in a sense, affirmative, by
viewing Diverge as the intersection of a descending sequences of V*°-formulas.

Definition 3.19. A formula ¥ (a,x) is descending if the following holds:
a' <aand ¢¥(a,r) = P(d, ).

A WQ-formula is a forrgula of the form Vay(a, @ for some descending Q-formula
Y(a,x). The dual of a v+Q-formula is called a ITQ-formula.

Theorem 3.20. Diverge is V*V>°-dicomplete.
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Proof. Clearly, Diverge is a V+*V>°-formula. Let () be a V+*v>°-formula, presented
as VYnV>t.z(n,t) = 0 satisfying the following descending condition:

n' <n and V°t. z(n,t) =0 = VYVt z(n/,t) = 0.

To show the V+V>-completeness of Diverge, we can directly adopt the proof of
Proposition 3.16 (since ¢ is also a VV*°-formula); that is, consider the following y:

y(s) =min{n < s:x(n,s) # 0} U {s}.

For the dual, let n be a witness for ¢9(z). Then we have z(n,t) # 0 for infinitely
many ¢, so y(t) < n for such ¢. In particular, n 4+ 1 is a witness for non-divergence
of y.

Conversely, let n be a witness for non-divergence of y. Then y(¢t) < n for infinitely
many ¢, so for such t, we get x(m,t) # 0 for some m < n. By the pigeon hole
principle, there is m < n such that xz(m,t) # 0 for infinitely many ¢. By the
contrapositive of the descending condition, we must have x(n,t) # 0 for infinitely
many ¢. This means that n is a witness for ¢9(x). O

In fact, there are many natural problems which are V+V>°-dicomplete. Most
people first encounter I3 formulas in elementary analysis; for instance, formulas
describing convergence, Cauchy sequences, etc. Analyzing these formulas carefully,
we realize that they are not just II3 formulas, but V+vV*>°-formulas. To be explicit,
we consider the formula describing Cauchyness of a sequence (x,,)ne, of rational
numbers:

Cauchy: VEINVYn,m > N. |2, — x| < %4-1
Another example is related to the frequency of occurrence of 0 and 1 in a binary
sequence. For a binary string o € 2<%, the frequency of occurrence of 1 in o is
written as Freq, (o).

Freq, (o) = #{k<n :na(k) = 1}.

An infinite binary seqeunce x € 2¢ is simply normal in base 2 if the frequencies
of occurrence of 0 and 1 in x [ n converge to %; that is, lim,, o, Freq,(z [ n) = L.

2
The asymptotic density of a set A C w is defined as follows:

0(A) = lim Freq;(xa [ n) = lim #{k<n:keA}
n—o00

n—00 n

For example, the formula expressing that the asymptotic density is 0 is also IT3.
These notions are formally expressed as follows:

SimpN [ VEkdsVt > s.
impNorma sVt >s Pt

Freq,(z [ t) —

IN

’ 1

DO =

1

A Deny: VkdsVt > s. F t) < ——.
sympDen, sVt > s. Freqy(z | t) < ]
Theorem 3.21. Cauchy, SimpNormal, AsympDen,, are all V*V°°-dicomplete.

Proof. It is clear that all of these formulas are V+V°°.
Diverge <4m Cauchy: Given z = (2, )ncw, we construct a sequence y = n(z) of
natural numbers such that

x = (T4)tew diverges <= y = (yt)1cw is a Cauchy sequence.
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Given z = (x;) € w*, for each ¢, if the same value as x; has already appeared
in (zs)s<¢ an even number of times, then put y; = ﬁ, and if it has appeared
an odd number of times, then y; = 52,73 +2 In other words, we make a distinction
between cases where |{s < t:xs = xt}| is even or odd. The values of the sequence
(yt)tew are of the form - + for i € {1,2}, soif thlb converges, it is of the form 0 or
m. In order for the sequence to converge to m, almost all of y; must be this
value, but in this case, almost all of x4 be the value n. However, if x; stabilizes to
n, then y; returns the values 2n —7 and 2n 5 alternately, so it does not have a limit.
Therefore, the sequence (y;):e,, cannot converge to a value other than 0.

Let n — s, be a witness for Diverge(z); that is, y > n for any ¢t > s,. In
this case, we have y; < 2n+1 for any t > s,. Thus, n — s, is also a witness for
Cauchy(y). Conversely, let n — s, be a witness for Cauchy(y); that is, for any
k, ¢ > s, we have |y —y¢| < % In particular, y has a limit, but as discussed above,
in this case, y must converge to 0, so we get y; < % for any t > s,. Considering
t 2> S4(n+1), since ﬁ <y < le’ we get ry > n. Hence, n — Sy,41) is a
witness for Diverge(z).

For the dual, let n be a witness for Diverge® (2); that is, 2; < n for infinitely many
t. By the pigeon hole principle, there is m < n such that z; = m for infinitely many
t. In this case, (yi)ie. takes 2m1+1 and 5 +2 for infinitely many ¢. In particular,
for any N, there exist k,¢ > N such that

1 1 1 1
= > .
2m+1 2m+2  (2m+1)2m+2) "~ 2n+1)(2n+2)

lyr — ye| =

Hence, (2n + 1)(2n + 2) is a witness for Cauchy?(y). Conversely, let n be a
witness for Cauchyd(y). In this case, for m with n < 2m + 1, for any IV, there exist
k,f > N such that lye — ye| > % > 2ml+1 If g,z > m then our construction
ensures Yy, Y < 2m+1, and in particular, |yr — ye| < 2m+1, but this is impossible.
Therefore, either z;, < m or xy < m holds. Since N is arbitrary, there are infinitely
many such k, ¢; hence, m is a witness for Diverged ().

Diverge <4m AsympDen,: Given & = (2, )necw, We construct a sequence y = n(z)
of natural numbers such that

x = (x4)tew diverges <= the asymptotic density of {n : y(n) =1} is 0.

Put u(0) =1 and u(s 4+ 1) = (s! + 1) - u(s). At step 0, put y(n) = 0 for any
n < u(2). For s > 1, inductively assume that y | u(s) has already been defined at
the beginning of step s. For k = min{xs + 2, s}, note that % is a natural number
since k < s. Then, consider the extension y [ u(s + 1) of y | u(s) where the last
=u(s) bits of y [ u(s+ 1) are all set to 1 and the rest are set to 0; that is,

(1) = 0 ifu(s)§t<(1+s!f%!)u(s)
YW= if (14 s!—2)u(s) <t < (1+su(s)

Now, let us calculate the number of occurrences of 1 in y [ u(s + 1). In the
above construction, exactly %u(s) many new 1’s are added, and the number of 1’s
in y [ u(s) is at most u(s), so we get the following inequality:

s!

—u(s) <#{t <u(s+1):yt) =1} <u(s)+ EU(S)
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Therefore, the frequency of occurrence of 1 is the result of dividing this by
u(s+1) = (sl + 1)u(s). Calculating this value, we first obtain the following for the
left-hand side:

s! 1 s! s! s! 1

Eu(s).u(s+1) k(5!+1):k5!+k>ks!+s!_k‘+1'
Next, for £ > 1 we get the following for the right-hand side:

s! 1 k+ s! (k—=1)s!+ (k- 1)k 1
(“(S) + k“(5)> ustl) k4D (k-DEE D) k-1

Here, note (k — 1)s! + (kK — 1)k < (k — 1)s! 4+ s! = ks! for the last inequality.

Summarizing the above, we obtain the following inequality:
%4-1 < Freqy(y [ u(s +1)) < %

Also, in the construction of y [ wu(s + 1), 1’s are added as a tail. Hence, if
u(s) <t <wu(s+1), then we get Freq,(y [ t) < Freqy(y [ u(s +1)) < 2.

Let n — s, be a witness for Diverge(z); that is, z; > n for any s > s,. Put
t, = max{s,,n + 1}. If s > ¢, then k = min{z; + 2,s} > n+ 1. By the above
argument, if u(s) < ¢t < u(s + 1) then we get Freq,(y | t) < 55 < +. This holds
for any ¢t > wu(t,). Hence, n — u(t,) + 1 is a witness for AsympDen,(y).

Let n +— vy, be a witness for AsympDeny(y); that is, Freq,(y | t) < + for any
t > v,. Calculate s, such that u(s,) > v,. In particular, we have Freq;(y |
u(s+1)) < L for any s > s,,. For k = min{z, + 2, s}, by the above argument, we
have k%ﬂ < Freqy(y lu(s +1)) < £, so we get n < k+ 1 < z, + 3. This means
xs > n —2 for any s > s,. Hence, n — s,12 is a witness for Diverge(z).

Let n be a witness for 2 € Diverge?; that is, 2, < n for infinitely many s. For
such a large s > n, we have k = min{z,+2, s} = n+2. By the above argument, we

have Freq, (y [ u(s+1)) < 15 = %ﬂ Hence, n+ 1 is a witness for AsympDen§ ().

Let n be a witness for AsympDend (z); that is, Freq, (y | t) > 1 for infinitely many
t. For such ¢, take s such that u(s) <t <wu(s+1). By the above argument, we get
Freq,(y | t) > Freq;(y | u(s +1)). Also, for ¥ = min{x, + 2, s}, we have Freq,(y |
u(s + 1)) < 2. Summarizing the above, we get 1+ < Freq,(y [ u(s + 1)) < 71,
so k < n+ 1. If t is sufficiently large, s > n + 1. In this case, k # s, s0 k = x5 + 2
and thus, z, <n — 1. Hence, n — 1 is a witness for Diverge®(z).

AsympDeng <gm SimpNormal: Given z € 2¢, consider the sequence y = n(x)
obtained by replacing the (2n+ 1)st occurrence of 0 in « with 1. If a; is the number
of I’s in x [ ¢, then the number of 1’s in y is approximately t*% +a; = H% To be
precise, this value is not necessarily a natural number, but it only differs from the
actual number by at most % Therefore, calculating the error between Freq;(y | t)

and %, we get the following:

1 ¢t 1 F t
Freau(y 1) — 3 ~ o - =2 et [0)

27 2t 2 2 2
Here, ~ is the equivalence with errors at most % Using the above equation, it
is easy to construct a transformation of witnesses for <gm. O

It may be useful to keep in mind that all of these V+V>°-dicomplete problems are
related to limits.
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3.8. V*°V3: Global boundedness. Next, let us look for a V*°V3-complete prob-
lem. As a candidate, let us consider the problem FinDiam of determining whether
the diameter of a graph is finite. Here, the distance d(u,v) between two vertices
u,v in a graph G is the length of a shortest path connecting v and v. If there is
no path connecting u and v, then d(u,v) is defined to be co. Then the diameter
of a graph G = (V, E) is defined as max{d(u,v) : u,v € V}. The finite-diameter
problem FinDiam is defined as follows:

FinDiam :  JrVu,v € VI [(y connects u and v) A |y| < 7).
Here, || is the length of a path ~.
Proposition 3.22. FinDiam is V*°V3-complete.

Proof. First, in the definition of FinDiam, the quantification 3r can be replaced with
V°r; thus, FinDiam <y, (V*°V3). Therefore, it remains to show that (v>°v3) <,
FinDiam. Given = = (Zy_m )n,mew, We construct a graph n(z) = (V, E) such that

IrVn > rVm3t. () # 0 <= the diameter of (V, E) is finite.

The graph has vertices ¢ € V and a2™ € V for any n,m € w and s < n. For
each s < n, put (g,ay"™), (@™, a}}}) € E, which yields infinitely many paths of
length n + 1 connecting e and a/»™. Moreover, if x,, ,,,(¢) # 0 for some ¢, then put
bi"™ €V and (g,b;"™), (a™™,b;"™) € E for each s < n.

Let W = {(n,m) : 3t. xpm(t) # 0}. If (n,m) ¢ W then the distance between
e and a»™ is n+ 1. If (n,m) € W then the distance is 2 via b;"" for some ¢,
since (g,b,""™"), (b;"™,al»™) € E. Indeed, the distance between any two vertices in
Snm = {g,a™ b xpm(t) # 0} is at most 2. Therefore, if (n,m), (n',m’) €
W, the distance between any two vertices in Sy, p, U Sy m is at most 4.

Let r be a witness for (v>°V3)(z). Then, for any n > r and m, we have (n,m) €
W. In this case, for any n > r, the distance between any two vertices in .S, ,, is
at most 2, and for n < r, the distance between any two vertices in Sy, ,,, is at most
r. Therefore, the distance between any two vertices in this graph is at most 2r.
Hence, 2r is a witness for FinDiam(V, E).

Conversely, if r is a witness for FinDiam(V, E), then the distance between any
two vertices in this graph is at most r. Thus, for any n > r and m, we must have
(n,m) € W. This implies that r + 1 is a witness for (v°°V3)(z). O

However, there are difficulties with the completeness of the dual of FinDiam. For
this reason, let us consider a slightly modified problem. Note that, even if the
diameter is infinite, there can be an upper bound of the diameter of any connected
component.

The set of all paths of a graph G = (V, E) is denote by Pathg, and for a path
v € Pathg, its start point is denoted by ~start, and its end point is denoted by Yenq-
The bounded-diameter problem FinDiamcon, for connected components is defined
as follows:

FinDiamconn: ETV'}/ S Patthl(s S PathG [{'Ystarta '-Yend} = {5Start7 5end} A |§| < T]'

This formula expresses that if two vertices a,b € V' belong to the same connected
component (that is, connected by a finite path ) then the distance between a and
b is at most r (that is, connected by a path ¢ of length at most r).

Theorem 3.23. FinDiamcon, is V°V3-dicomplete.
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Proof. First, in the definition of FinDiamgon,, the quantification 3r can be replaced
with V*°r; thus, FinDiameonn <pm (V*°V3). Therefore, it remains to show that
(V*°V3) <gm FinDiameonn. Given z = (Zp m)n,mew, construct a graph n(z) = (V, E)
as follows:

IrVn > rVm3t. () #0 < (V, E) € FinDiamconn.

The graph has vertices a;"™ for any n,m € w and ¢ < n. For each ¢ < n,
put (a,"",ay}}) € E, which yields infinitely many paths of length n connecting
ag’™ and a»™. Moreover, if z, ,(t) # 0 for some ¢, then put b;"™ € V and
(ap™,b™) € E for each £ < n.

Let W = {(n,m) : 3t. xpm(t) # 0}. If (n,m) ¢ W then the distance between
ag’™ and a™ is n. If (n,m) € W then the distance between any two vertices in
Snom = {a™ b o (t) # 0} is at most 2 via by

Let r be a witness for (v°°V3)(z). Then, for any n > r and m, we have (n,m) €
W. In this case, for any n > r, the diameter of the connected component of a;"™
is at most 2, and for n < r, the diameter is at most . Hence, r is a witness for
FinDiameonn (V, E).

Conversely, if r is a witness for FinDiameon(V, E), then the diameter of any
connected component is at most r. Thus, for any n > r and m, we must have
(n,m) € W. This implies that r + 1 is a witness for (v*°V3)(z).

For the dual, let 7 — (n,,m,) be a witness for (3°3V)(z); that is, z,,. m,. (t) =0
for any ¢. In this case, we have (n,,m,) &€ W, so the distance between ay™""" and
ap™r is n, > r. Take any path v, connecting ay”"™" and aj~"™r. Then r — ~, is
a witness for FinDiam%, _(V, E).

Conversely, r — -, is a witness for FinDiamgonn(V7 E); that is, the distance
between two end points of .. is at least r. The connected component containing the

n(r),m(r)
0

path v, has a vertex of the form a . For r > 3, we must have (n(r),m(r)) ¢

n(r),m(r) n(r),m(r)

W. Then the end points of 7, are of the forms a, and a; , whose
distance is at least r. Therefore, the distance between ag(r)’m(r) and a:Eg’m(T) is
n(r) > r. Then r — (n(r),m(r)) is a witness for (3°3V)(z). O

The exact complexity of FinDiam® has not been determined yet, but we give a
lower bound here. From now on, FinDiam? is denoted by InfDiam.

Proposition 3.24. (YW*°V) <., InfDiam.

Proof. By Observation 3.1, (WW*V) =, VBdd, so it suffices to show VBdd <,
InfDiam. By a construction similar to that of the reduction 7 in Proposition 3.22,
given & = (2, )new We can guarantee that n(z) = (V, E) satisfies the following:

VYnamVt. z,(t) < m <= the diameter of (V, E) is infinite.

The graph has vertices ¢ and a,”™" for any n,m € w and ¢ < n. For each £ < n,
put (g,a5"™), (a;"™,ay}’) € E, which yields infinitely many paths of length n + 1
connecting ¢ and a™. Moreover, for any k < n and ¢, if x4(¢t) > m then the add
a new vertex by € V, and put (g,b,7/"), (a,"™,b[") € E for each £ < n. Then
consider W = {(n,m) : Ik < n3t. ax(t) > m} and Sy = {e,ap™, 0" 1 k <
n and x(t) > m} as before. If (n,m) € W then the distance between & and al>™
isn+ 1. If (n,m) € W then the distance between any two vertices in S,, ,, is at
most 2 via some by}



THE ARITHMETICAL HIERARCHY 25

Let h be a witness for VBdd(x); that is, x,(t) < h(n) for any ¢t. Putting m(n) =
maxy<n, h(k), we have x(t) < m(n) for any k < n and ¢. Hence, (n,m(n)) ¢ W,

™) is n + 1. Therefore, n — (g,an’™™) is a

so the distance between ¢ and an™
witness for InfDiam(V, E).

Conversely, let n +— (u,,v,) be a witness for InfDiam(V, E); that is, the dis-
tance between u, and v, is at least n. For r = max{n,5}, compute indices
a(r),b(r),c(r),d(r) such that u, € Sg) ey and v, € Seyq(r)- These indices
are uniquely determined for vertices other than e, and if it is €, choose any indices.
Also, since u,. # v,., one of them is not €. Since the distance between u,. and v,. are
at least 5 and € € S, () p(r) N Se(r),a(r), the diameter of either S,y p(r) OF Sery,d(r)
is at least 3. If the diameter of Sy, p(r) is at least 3, then we have (a(r),b(r)) € W;
that is, for any n < a(r), ,(t) < b(r) for any t.

Now, the distance between uo, and vs, is at least 2r, so the diameter of either
Sa(2r),b(2r) OF Se(2r),d(2r) is at least 7. This implies that either a(2r) > r and
(a(2r),b(2r)) € W or ¢(2r) > r and (c(2r),d(2r)) & W.

Then put h(n) = max{b(2r),c(2r)}. If a(2r) > r and (a(2r),b(2r)) ¢ W then,
since n < r < a(2r), we get x,(t) < b(2r) for any ¢. Similarly, if ¢(2r) > r and
(c(2r),d(2r)) ¢ W then we get x,(t) < ¢(2r) for any t. In any case, we obtain
Zn(t) < h(n) for any t. Hence, h is a witness for VBdd(z). O

Another lower bound is the disconnectedness problem DisConn for graphs, which
is the 3V-problem of determining whether a graph G = (V, E) is disconnected or
not.

DisConn:  Ju,v € V¥V~ € Pathg. {Ystart, Yend } # {u,v}.

In [13], it has been shown that (V*°V) <, DisConn <, (3V) holds. As we will
see later, DisConn and (VW*°V) are incomparable.

Proposition 3.25. DisConn <, InfDiam.

Proof. Given a graph G = (V, E), consider its transitive closure G*; that is, for any
« connecting vertices u,v € V, add a vertex a, and edges (u,a), (ay,v) to G*.

If G is connected then the diameter of G* is at most 2, and if G is disconnected
then the diameter of G* is infinite. Therefore, any witness (u,v) for disconnected-
ness of G is a witness for that the diameter of G* is at least r for any 7.

Conversely, let (u,,v,)re, be a witness for InfDiam(G*); that is, the distance
between w, and v, is at least r. In particular, the distance between (us,vs) is at
least 5. If us is a vertex of G then put uf = us, and if us is of the form a., then let
uf be one of the end points of the path . Note that the distance between (us, uf)
in G* is at most 1. In a similar manner, we also define vf. Then u} and v} are
vertices of G. If uf and vf belong to the same connected component in G, then
the distance between (uf, v§) is at most 2 in G*. Therefore, the distance between
(us,vs) must be at most 4, which is impossible. Consequently, (uf, v5) is a witness
for disconnectedness of G. O

In the later Section 4.4, we will show that InfDiam is not 3°°3V-complete, and in
particular, FinDiam is not V*°V3-dicomplete.

Let us look at another example of the V*°V3-dicomplete problem. The following
example is about a preorder <p generated by a binary relation R. In other words,
<g is the reflexive transitive closure of R, or to be precise, the smallest binary
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relation that satisfies the following condition:
(a,b) e R = a<ga, b<pb, a <pgb; a<prb<prc = a<gec

If we identify a binary relation R with a directed graph, then ¢ <r b means
that there exists a directed path from a to b in R. The width of a preorder P is
the cardinality of a maximal antichain of P. If no such value exists, the width is
assumed to be infinite. The following is a problem that asks whether the width of
a preorder R* generated by a given binary relation R is finite.

FinWidth, : 3rVa,...,a, € R3j <k <r (a; <gr ai or ar <g a;).

Note that there is one existential quantifier hidden inside this formula. In other
words, the above formula can be rewritten as follows.

FinWidth,.: 3rVa,,...,a, € R3y € Pathg3i < j [{Vstarts Yena } = {@i, a;}].
Theorem 3.26. FinWidth, is V>°V3-dicomplete.

Proof. First, in the definition of FinWidth,, the quantification 3r can be replaced
with V°°r; thus, FinWidth, <y, (V*°V3). Therefore, it remains to show (3>°3V) <y,

FinWidth?. Given z = (Tn,m)n,mew, construct a binary relation n(z) = R as follows:

Vran > rdm. xp,m = 0°° <= the width of the preorder <p is infinite.

For each n,m, prepare (a."™)i<n. If (n,m) < (n’,m’) with respect to the stan-

dard ordering of (pairs of) natural numbers, put ;""" <g aj ™ for any i < n and

j < n'. For each n,m, for the first ¢ such that z, ,,(t) # 0, add (b;'}")i<n—1 sO
,m

that a;""" <g b;}" <r a;})’. Note that b} is comparable with any other element
since ;" <g a;") <r a?/’m/ if (n,m) < (n’,m’) and a?l’m/ <gay™ <g b if
(n',m’) < (n,m).

Let (n,,m;)rew be a witness for (3*°3V)(z), i.e., Ty, m, = 0°. Then there is no
relation on (a;™"™");<,; that is, (a; """ );<, is an antichain, so this is a witness for
that the width of the preorder <p is at least r.

Conversely, let 7 — ()i« be a witness for FinWidth?; that is, (¢});<, is an-
tichain in <p. Consider » > 2. Since (c]);<, is an antichain and each bztm is

comparable with any other element, each ¢ must be of the form azg)) m@ g

(n(i),m(i)) # (n(j),m(j)) for some i,j < r then ¢ is comparable with ¢} by our
construction. Hence, there exist n(r) and m(r) such that ¢ = a!'""™" for any i.
Since (¢} )i<r is an antichain, this means 2, () m(r) = 0°°. Therefore, r — n(r), m(r)
is a witness for (3°°3V)(x).

A similar argument applies to the dual. O

Incidentally, as we will see later, the 3°°3V-completeness and the V3V-completeness
coincide. Thus, some of the duals of the examples given in Section 3.8 are V3V-
complete. However, interestingly, assuming the later results, one can see that these
are VdV-complete but not V3V-dicomplete, by showing that 3°°3V-dicompleteness
and the V3IV-dicompleteness do not coincide.

Proposition 3.27. FinDiam® = and FinWidth? are Y3V-complete, but not ¥3Iv-
dicomplete.
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Proof. Let F be either FinDiam‘cionn or FinWidthi. By Theorem 3.23 and Theorem
3.26, F is 3°°3V-dicomplete. By Theorem 4.2 (4) proven later, we get (VIV) =,
(3%°3Y), so F is V3V-complete. For the dual, we have F¢ <, (v>°V3), and by
Proposition 4.10 proven later, we get (VV) £, (v>°V3). However, we also have
(VW) <m (3¥3); hence we get (IV3) £, F4. Therefore, F cannot be Y3V-dicomplete.

O

3.9. V3V¥: Independent alternation of quantifiers. Although there are many
known classical II3-complete problems, of those we have already seen, the only one
that is V3V-dicomplete is the complementedness problem Compl. Thus, it seems
that examples of V3V-dicomplete problems about a single structure are somewhat
rare. However, there is a simple way to find a V3V-dicomplete problem. This is to
consider a sequence of structures rather than a single structure. In Proposition 2.15,
we have introduced the addition Py of a quantifier P to an arithmetical formula ¢.
In particular, the formula V¢ is described as follows:

(Vo)({(@n)new) = Vne(x,).
Observation 3.28. If a formula ¢ is IV-complete, then Y is VIV-dicomplete.

Proof. As seen in the proof of Proposition 2.21, if ¢ <gn % then Py <g4n Pi.
In particular, (3V) <gm ¢ implies (V3V) <gm V¢. By our assumption, since ¢ is
3v-complete, we have (IV) <p, ¢ via some 7; that is, (V3)(z) holds if and only if
¢4(n(x)) holds. For a V3-formula 1, one can always compute its witness for ¢(z), so
we automatically obtain (V3) <, ¢9. Therefore, we get (V) <4m ¢, which implies
(VAVY) <4m V¢ as mentioned above. O

In order to obtain a V3V-dicomplete problem, consider the following formula
concerning density of a linear order L.

Dense: Va,be Lice L (a<pb—a<pc<pb).

Clearly, Dense is a V3-formula, so its dual Dense® is a 3V-formula. Therefore,
V(Dense?) is a V3V-formula. The decision problem V(Dense?) is the problem of
determining whether or not “all L, are not dense” for a sequence L = (L )new Of
linear orders.

V(Dense?)(L) <= L, is not dense for any n.
Corollary 3.29. V(Dense?) is V3V-dicomplete.

Proof. Tt is shown in [13] that Dense? is JV-complete. Hence, by Observation 3.28,
V(Dense?) is Y3V-complete. O

3.10. V7 3V: Restricting range of quantification. In everyday mathematics,
the range of quantification is often specified. For example, we usually consider
expressions such as Vo € Ap(z) and Iz € Ap(z). These two quantifications are
abbreviations for the following expressions, respectively.

Vo (x € A — p(x)), Jz (z € AN p(x)).

Of course, we fix the domain of discourse (i.e., the set over which z runs) to
the natural numbers. However, even if we are considering a specific domain of
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discourse, we do not necessarily quantify over the entire domain; that is, the quan-
tification range is often limited by some condition . To be explicit, we often
consider formulas of the following form.

vz (v(z) = o(z,y)), Fz (y(z) A o(z,y)).

Some of the decision problems we have dealt with so far also have such partial
quantifications if we formalize them directly. However, in any of the previous ex-
amples, such v is a bounded formula, so we can move it to the innermost part of
the formula, which allows us to formalize it in a way that excludes partial quantifi-
cation. Of course, this is not always possible. Often, v is a complicated formula,
and in such cases, the quantification over v cannot be removed. Let us take up
such an example.

A tree T' C 2<% is perfect if T has no isolated infinite path. We say that a node
o € T is extendible if there is an infinite path through T extending o. Classically,
a tree is perfect iff any extendible node of T' can be extended to two incomparable
extendible nodes of T'. This involves the quantification over extendible nodes, and
there is no need to consider other nodes. If T' is a binary tree, under the assumption
of weak Konig’s lemma, the extendibility of a node o € T is equivalent to the
following:

Ext(o,T)=V(3re2t. 1T

Note that 7 ranges over a finite set, so the inner existential formula is a bounded
formula. Thus, the extendibility of a node is described by a V-formula. Then, the
perfectness of a binary tree can be described as follows:

Perfectpin : Vo € T [Ext(o,T) — 319,71 € T (1oL A Vi < 2. Ext(r,T))].

Here, 19l 71 denotes that nodes 7y, 7 are incomparable. In the definition of
the perfectness of a binary tree, the quantification range of o is restricted by a
V-formula. That is, it is of the type V(V — 3V) in the following sense.

Ya[Vby(a,b, z) — IcVdO(a, c, d, x)].

Here, ~,0 are bounded formulas. We call the formula of this form a V7 3V-
formula, and its dual (i.e., a formula of the following form) a 3"V3-formula.

JaVby(a,b,x) AVe3db(a, ¢, d, z)).
Theorem 3.30. Perfecty;, is V7 3IV-dicomplete.

Proof. Given (p,x) = (Pn, 2 )n,mew, construct a binary tree T = n(p,z) C 2<¥ as
follows:
Vn (p, = 0% — Im. 2}, = 0%°) <= T is perfect.

Here, note that the left-hand side expresses a ¥V~ 3v-complete formula (v 3V) (p, x).
Its witness is a partial function n — m.

First put Ty = {0",0"100 : n € w,0 € 2<¥} C T. Next, for each n, put
0"110° € T for any s € w until we see p, # 0. For each m, put 07110¢"*) 15 for
any s € w and o € 2<% until we see p, # 0> or z” # 0. Note that, for each
o € Ty, the extensions 00 and ol are extendible since 0”10« is an infinite path
through Ty for any n € w and a € 2. Therefore, let us focus on the behavior of
o ¢ To.

Let n +— m, be a witness for (V7 3V)(p, z); that is, if p, = 0> then z}}, = 0. In
this case, we show that each extendible node can be extended to two incomparable
extendible nodes. As discussed above, we only need to consider o &€ Ty. Note
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that if p, # 0% then 0™11 is not extendible in 7. If ¢ € T is a node of the form
o = 0"110% and if it is extendible, then we must have p, = 0°°; hence, z7;, = 0.
In this case, take a sufficiently large k such that ¢t = (m,, k) > s. Then o = 0"110°
is extended to 0"110¢, which is extended to 07110*0°° and 0™"110¢1°°. Then consider
v(o) = (07110°0,0"1101). If o € T is a node of the form o = 0"110(™* 17 and
if it is extendible, we must have p, = 0°° and 2]}, = 0°°. In this case, o is clearly
extendible to 00> = 07110{™* 170 and ¢1° = 0"110(™*)171°°. Then consider
(o) = (00,01). Then, o — (o) gives a witness for Perfectyin(T).

Conversely, let 0 — 77,77 be a witness for Perfectpin(7). Given n, consider
o =0"11. If p,, = 0°° then o = 0"11 is extendible, so 7§ and 7{ are defined. Since
7¢ and 77 are incomparable extensions of o, either 7§ or 7{ extend 0"110¢™*)1 for
some m, k. Since 7§ and 7y are extendible, this implies «]}, = 0°°. Thus, n — m
witnesses (V7 3V)(p, z).

For the dual, let n be a witness for (3"V3)(p, x); that is, p, = 0% and 27, # 0>
for any m € w. As p, = 0°°, the node 011 is extendible to 0"110°°. For each m,
since xy, # 0°°, the node 07110™*)1 is not extendible. Hence, the only infinite
path that extends 0711 is 07110%. Therefore, 0”11 is a witness for Perfect®(T’).

Conversely, let o be a witness for Perfect (T); that is, there is exactly one infinite
path extending o. As mentioned above, ¢ & Ty. If o is of the form 0"110°, since
o is extendible, we have p, = 0°°. Moreover, in this case, o is extendible to
0™110°°. Since o is a witness for T being non-perfect, there is no other infinite path
through T extending o; hence, 07110 *)1 is not extendible for any (m, k) > s.
In particular, for any m, 0"110¢"*)1 is not extendible for a sufficiently large k,
which implies z],, # 0% for any m. If o is of the form ¢ = 07110k 17, since
o is extendible, we must have p, = 0% and z]}, = 0°°; however, in this case, for
any o € 2¢, 0 = 0"110¢™* 17/ is an infinite path through 7', which contradicts
our assumption that o is a witness for 7" being non-perfect. Consequently, if o is
a witness for Perfectd(T), then it is of the form 0”110°, and in this case, n is a
witness for (3"V3)(p, x). O

In Section 4.3, we show (VaV) <, (V73V).

4. THE STRUCTURE OF QUANTIFIER-PATTERNS

4.1. Equivalence. Example 2.5 presents sixteen Y3 quantifier-patterns. However,
not all of these are different, and we can expect that many of them are equivalent.
What we want to know is exactly how many X3- and II3-patterns there are (modulo
the many-one equivalence).

A quantifier-pattern Q is m-equivalent to Q' if <Q> =n (Q’ ). Similarly, a
quantifier-pattern Qis dm-equivalent to Qif (Q) =dm <Q'> Note that dm-reducibility
for Y3- and Il3-patterns are completely the same, so it is sufficient to consider only
one of them. Our main result in this section is the following:

Theorem 4.1. Any X3 quantifier-pattern is m-equivalent to one of the following 3
patterns:

V3, veed%e veed.
Any I3 quantifier-pattern is m-equivalent to one of the following 5 patterns:

V3V, I°VV, IV, WO, WYC.
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FIGURE 4. (left) The =,-degrees of Y3-patterns; (center) The =,-
degrees of II3-patterns; (right) The =y,-degrees of II3-patterns.

Any I3 quantifier-pattern is dm-equivalent to one of the following 7 patterns:
V3V, 3°° 3V, ICVV, IV, IV, WO, WYC.

Figure 4 shows, from left to right, the =,-degrees of X3 quantifier-patterns,
the =, quantifier-degrees of IIz-patterns, and the =gyn,-degrees of Il quantifier-
patterns. In Section 4.2, we will show that Figure 4 is complete (that is, no further
arrow is added).

In order to prove Theorem 4.1, it is necessary to check which quantifier-patterns
are =y -equivalent.

Theorem 4.2.
(1) (IVT) =qm (FVI®) =4 (TVCI®) =4 (TV°T).
(2) (393) = (FF°3) =,, (35%).
(3) (veova) =, (VOOVEIOO> =m (V°I°T) =, (Vo°I>).
(4) (VIV) =, (3°TY) =, (I>°IV™).
(5) (V) =, (IV).

We first give a proof of the relatively trivial parts that follows from the observa-
tions so far.

Proof of Theorem 4.2 (2), (8). A witness for a V3-formula is always computable,
so we get (V) =, (VI*®) =, (3°3) =, (3°°). Then, by adding the quantifiers 3
and VY to the prefix, we get (2) and (3) by Lemma 2.23. O
The proof of this theorem is divided into several propositions.
Proposition 4.3. (IV3) <y, (IV>°3T).
Proof. Given x = (Zp)new, we construct y = n(z) such that
InVt. z,(t) # 0% <= InV>t. y,(t) # 0.

The left-hand side means that (3V3)(z) is true, and the right-hand side means
that (Iv>°3)(y) is true. For ¢,u, define y,({t,u)) = z,(t). Then, the property
Jtx,(t) = 0 is classically equivalent to 3¢y, (t) = 0°°, so n is a witness for the
former iff it is a witness for the latter. This implies (V) <, (Iv>°3).

For the dual (v3V) <., (V3I*®V), let n — t, be a witness for (VaV)(z), i.e
Zn(ty) = 0%°. Then y,, ((t,, u)) = 0% for any u by definition, son +— ({t,, u))ye, is a
witness for (Y3°°V)(y). Conversely, let n — (7, ul")ic,, be a witness for (V3*V)(y).

(2 K3
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Then y, ((t?, ul’)) = 0°°; thus, in particular, we get x,(tf) = 0°°. Hence, n > tj

gives a witness for (V3aV)(x). O

Proof of Theorem 4.2 (1). First we have the absorption relation Iv°°3>*° — F3v3>*° —
I3I*® — IVW3I — Ivd. Therefore, by Observation 2.22, we get (IV°I®) <4
(IY3*®) <gm (IV3). Moreover, by Proposition 2.25, (Q3) <pm (QI*), and thus,
(Iv*>°3) <pm (IV°°3*°). Then, by Proposition 4.3, we get (IVI) <py (IV>°T). This
completes the proof. O

Proposition 4.4. (v3V) <, (3>°3V).
Proof. Given x = (2p,)necw, we construct y = n(z) such that
YnImVs. z,(m,s) =0 < I®°nIoVs. y,(o,s) =0.

The left-hand side means that (v3V)(z) is true, and the right-hand side means
that (3°°3V)(y) is true. Given s and a sequence o of length n+ 1, define y, (o, s) =
max;<n ;(0(i), s). Now let n — m,, be a witness for (VaV)(z); that is, z,(my,s) =
0 for any s. For each n, consider o,, = (m;)i<n. Then y,(0y, $) = max;<, x;(m;, s) =
0 for any s. Hence, n +— (n,0,) is a witness for (3°°3V)(y).

Conversely, let n + (a(n),0,) be a witness for (3°°3V)(y); that is, Y,(n) (00, s) =
0 for any s. Then, for any m, there exists n,, such that m < a(n,,). By definition,
T (On,, (M), 5) < Ya(n,,)(On,,,s) = 0 for any s. Hence, m + o, is a witness for

(VIV)(z). O
Proposition 4.5. (3°V>®) <., (I®V).
Proof. Given x = (2p)new, we construct y = n(z) such that

I°n3sVt > 5. 2,(t) =0 <= I®n. y, = 0.

The left-hand side means that (3°°V>°)(z) is true, and the right-hand side means
that (3°°V)(y) is true. For an increasing sequence o = (ng,...,n¢) and a sequence
7 = (sg,...,S¢), we construct an infinite sequence Yo,r- We want to ensure that
Yo,r = 0°° iff, for any ¢ < |7], s; is the least witness for (v°°)(z,,). The construction
procedure of y, » checks if 7 is the least witness for o in the above sense. To be
precise, until the minimality is refuted, inductively assume that y, , is the initial
segment of 0°° of length s, at each stage s. If the minimality is refuted; that is,
there exists ¢ < ¢ and ¢t < s; such that z,,(t) = 0 for any u € [t,s;), then the
construction ensures y, » # 0°° by putting vy, -(u) # 0 for u > s. Otherwise, 7 is
still the least witness for o, so y,,, is now the initial segment of 0> of length s+ 1.

Now let (n;, si)icw be a witness for (3°V°)(z); that is, n; > ¢ and z,,(t) =0
for any t > s;. By taking a subsequence, without loss of generality, we may assume
that (n;);c. is a strictly increasing sequence. Moreover, from the information on
(8:)icw one can obtain the least witnesses (s});c,, by taking s, = min{s : V¢ €
[s,5i]. 2, (t) = 0}. By our construction, we have y,,),, ( = 0 for any /.
Hence, £+ ((n:)i<e, (5)i<e) is a witness for (3°V)(y).

Conversely, let (0, 7i)icw be a witness for (I°V)(y), i.e., Yo, ., = 0°. Then,
note that there are infinitely many numbers that appear in (0;);c,. Otherwise,
{oi(k) : i € w,k < |o;|} is finite, and each o; corresponds to its finite subset, so
{0 : i € w} is finite. However, for each o;, 7; is the corresponding least witness, so
it is unique by minimality. In other words, if o; = o, then 7; = 7;, but this means
that {o;, 7 : i € w} is finite. However, this is a witness for 3°°, so this cannot be

si)i<e
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the case. Hence, for any n, search for i, k such that o;(k) > n and put m,, = o;(k).
By definition, we have z,, (t) = 0 for any ¢ > 7;(k), so put s, = 7;(k). Hence,
n — (My, Sp) is a witness for (3°V>°)(x); that is, m, > n and z,,, (¢t) = 0 for any
t> s,. O

Proof of Theorem 4.2 (4), (5). First we have the absorption relation 3*°3vV>° —
3°°33V — 3°3V — V33V — V3V. Therefore, by Observation 2.22, we get (3*°3IV>°) <4
(3°3V) <gm (V3V). Moreover, by Proposition 2.25, (QV) <4m (QV™), and thus,
(3°°IV) <gm (3°°3¥>°). Then, by Proposition 4.4, we get (VIV) <, (3°3V). This
verifies the item (4).

Similarly, by Proposition 2.25, we have (3*°V) <4, (3°°V*°) and by Proposition
4.5 we get (V) <, (3°°V). This verifies the item (5). O

There are several other reducibility results, so let us mention them here.
Proposition 4.6. (YWW*V) <, (I°V>V).

Proof. As in Observation 3.1, we have (VWV) =4, VBdd and (I°V>V) =4,
3°°Bdd. Hence, it suffices to show VBdd <,, 3*°Bdd. Given z = (z)ncw, We
construct y = n(z) such that

YnabVi. x,(t) <b < I°n3b. y,(t) <b.

The left-hand side means that VBdd(z) is true, and the right-hand side means
that 3°Bdd(y) is true. Define y,(t) = max;<,, x;(t). Let b = (b, )new be a witness
for VBdd(z); that is, b, is an upper bound for z,. Clearly, the maximum ¢, =
max;<n, b; of upper bounds of (z;);<, is an upper bound of y,. Conversely, if
we have upper bounds for y, for infinitely many n; that is, we have k such that
k(n) > n and ¢, is an upper bound for gy, for any n. Then ¢, is also an upper
bound for z,,. O

Proposition 4.7. (W) <p, (3°V>).
Proof. Given x = (Tp)new, we construct y = n(z) such that
VYnVt. o, (t) = 0 <= 3%°nV>°t. y,(t) = 0.

Again, we define y, () = max;<p z;(t). Let n — ¢, be a witness for (VWW*°)(z).
Then one can easily see that n — (n, max;<, t,) is a witness for (3°V>°)(y). Con-
versely, let n +— (a(n),s,) be a witness for y € (3°°V>°); that is, y,mn)(t) = 0 for
any t > s,, and for any m there is n,, such that m < a(n,,). By definition, we have
T (t) < Ya(n,,)(t) = 0. In particular, z,,(t) = 0 for any ¢ > s,,,. Hence, m > s,
is a witness for (W) (x). O

Using the above, we can now see that all of the ¥X3- and II3-patterns have already
been presented in Figure 4.

Proof of Theorem 4.1. Let € be the set of all quantifier-patterns presented in Ex-
ample 2.5. By Proposition 2.9, any Y3-pattern Q is absorbable into some P € &
and vice versa, so by Observation 2.22 we have Q =¢m P. Now let us see that any
quantifier-pattern Q € £ of length 4 or more is dm-equivalent to a quantifier-pattern
of length at most 3. Any such pattern Q, except for V>*°V3°°3, contains either
3v3 or IV>°I*® as a subpattern, so by Theorem 4.2 (1), we get (3V3) <gm (Q).
If Q is a Ys-pattern, then it is clearly absorbable into 3v3, so by Observation
2.22, we get (Q) =gm (V). For Q = V>°V3I*3, we have the absorption relations
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VOV3I® T — VOVVYIT — VOVT and VVE — V°V3I* 3, so by Observation 2.22 we
get (VOVT) =4, (YOOVII).

Thus, every Yz-pattern is dm-equivalent to a pattern P € £ of length at most 3,
and every IIs-pattern is dm-equivalent to the P¢ of a pattern P € &£ of length at most
3. Any pattern P € & of length at most 3 has already been presented in the left
diagram of Figure 3. First, by Theorem 4.2 (1),(2), all the patterns belonging to the
polygon in the left diagram of Figure 3 are m-equivalent. Moreover, by Theorem
4.2 (3), all the patterns belonging to the ellipse in the left diagram of Figure 3 are
m-equivalent. Similarly, any pattern which is the dual of some P € & of length at
most 3 has already been presented in the right diagram in Figure 3. By Theorem
4.2 (1),(4), all the patterns belonging to the polygon in the right diagram of Figure
3 are m-equivalent. Finally, by Theorem 4.2 (5), all the patterns belonging to the
ellipse in the right diagram of Figure 3 are m-equivalent. Therefore, the structures
of the ¥3- and Il3-patterns in Figure 3 collapse as shown in Figure 4, and only the
three =,-classes of Y3-patterns and five =,,-classes of II3-patterns survive.

Now, consider the number of dm-equivalence classes of Ilz-patterns. For the
same reason as above, we only need to consider the duals of quantifier-patterns
of length at most 3 that belong to £. By Theorem 4.2, all the patterns in the
common part of the polygonal regions in the left and right diagrams of Figure 3
are =gm-equivalent. Also, the proof of Theorem 4.2 (4) actually shows (3°3V) =4,
(3°°3v>°). Therefore, the polygonal region in the right diagram of Figure 3 is
divided into at most two =gm-equivalence classes. Together with the other five
quantifier-patterns, this gives at most seven =y4-equivalence classes. O

4.2. Separation. In order to argue that the classification of formulas based on
quantifier-patterns is meaningful, we should show that quantifier-patterns provide
a separation of many-one complexity. Below the disjunction V is always expressed
by the quantifier 3¢ € {0,1}. Then, the VV-complete problem (VV) is given as
follows:

1’0:000 V x1:0°°.

Definition 4.8 ([13]). A formula ¢ is amalgamable if there exists a partial com-
putable function x such that if at least one of ag, ..., as is a witness for ¢(z), then
k(ag,-..,ap,x) is a witness for p(z).

Lemma 4.9 ([13]). If ¢ is amalgamable, then (VYY) £m ©.
Proposition 4.10. (VW) £, (V°V3).

Proof. By Lemma 4.9, it suffices to show that (¥*°V3) is amalgamable. Note that
a V°°V3-complete problem is of the following form:

InVm > nVk3L. z(m,k, L) #0

Note that a witness for the V3-part can be computably recovered, so the essential
information in a witness is only the dn part. Also, if n is a witness for the above
formula, then so is any n’ > n. To show amalgamability, assume that at least one

of ag,...,a, is a witness for the above formula. Then, max;<¢a; must also be a
witness. Hence, by considering k(ao, . . ., ag, ) = max;<y a;, conclude that (¥V*°V3)
is amalgamable. O

This shows (V*°V3) =, (V>°3*°) <, (IVT) since clearly (VV) <, (IV3I).
Proposition 4.11. (W) £, (WV).
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Proof. By Lemma 4.9, it suffices to show that (VW>°V) is amalgamable. Note that
a YV°°V-complete problem is of the following form:

VYnIsVt > s. x,(t) = 0.

A witness for the above formula is of the form n +— s, so it is a function f: w — w.
Moreover, if f is a witness for the above formula, then so is any ¢ majorizing f
(i.e., g(n) > f(n) for any n). To show amalgamability, assume that at least one
of fo,...,fe is a witness for the above formula. Define k(fo,..., fe,2) = g by
g(n) = max;<¢ fi(n). Then g majorizes any f;, so g is a witness for the above
formula. This shows that (VW*°V) is amalgamable. O

Note that one can easily see (V) <., (I*°V) by considering ya2, = zo and
Yon+1 = x1. Hence, we get (I°V) L, (VWWV).

Theorem 4.12. (V>°3%°) £, (V*°3).

Proof. Assume (V*°3%°) <, (V°°3) via n,r_,r;. In particular, for any = (2 )new
and y = n(x), we have the following:

Vn3™t. x,(t) # 0 <= Vn3t. y,(t) # 0.

For each n, begin with z,, = 1°°. Then, for instance, 0 is a witness for (V>°3%°)(z).
Hence, a = r_(0,z) is a witness for (v>*°3)(y). Then n = r;(a,z) is a witness for
(V>°3°°)(x), which means that, for any m > n, x,, has infinitely many nonzero
values. Thus, n + 1 is also a witness for (Vv*°3*°)(x). Hence, c=r_(n+1,z) is a
witness for (V*°3)(y).

Now, since a is a witness for (v°>°3)(y), for any b > a there is ¢ such that y,(¢) # 0.
By continuity, there is s such that ri(a,z [ s) = nand r—(n+ L,z [ s) = c.
Moreover, if s is sufficiently large, then for y* = n(z | s), for any b € [a,c| we
already see a value t < s such that y;(t) # 0. Then, let z], be the result of
switching all values of x,, after s to 0; that is, /, | s =z | s and 2/(u) = 0 for any
u > s. For m # n, keep z, = x,, = 1°°. Now, let us consider y' = n(z’).

By our construction, n is a not witness for (V°°3°°)(z’) since z, contains only
finitely many nonzero values, but n + 1 is a witness. Our choice of s keeps r_(n +
1,2') =r_(n+ 1,z) = ¢, which is a witness for (v>°3)(y’) by the property of r_.
That is, for any b > ¢, there is ¢ such that y;(¢t) # 0. Moreover, by our choice of
s, (") extends y* = n(z | s), so for any b € [a, |, there is ¢ such that y;(t) # 0.
Put these together, for any b > a, we get y, # 0°; hence a is a witness for
(v>°3)(y'). Again, our choice of s keeps ry(a,2’) = r1(a,z) = n, which is a witness
for (v°°3°°)(2’) by the property of r,. This means that 2/, contains infinitely many
nonzero values, which is not true. ([

Theorem 4.13. (V*°V) £, (V).

Proof. Recall (V*°V) =, Bdd; hence it suffices to show Bdd £, (¥W*°). Assume
(VoV) <m (W) via n,r_,r4. In particular, for any z = (zp)new and y = n(z),
we have the following:

Jav¥n. x, < a <= VYnIsVt > s. y,(t) = 0.

For each n, begin with z, = 0. Clearly Bdd(z) holds, so (VW*)(n(z)) also
holds. Let u = (up)new be the least witness for y = n(x); that is, w, is the
least such that y,(t) = 0 for any ¢ > wu,. If r_(a + 1,2) = (Un)new, by the
minimality of u, we have u, < v, for any n. By continuity, if ¢ is sufficiently
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large, then ry(u,z | £) = ry(u,z) = a. Let m > £ be sufficiently large such that
r_(a+ 1,z | m) extends (vy)n<e and n(z | m) extends {y,(t) : n < £ and t < v, };
that is, for ™ = n(z [ m), the value ¥ (t) = y,(t) is determined for any n < £ and
t < v,. Then, let 2’ be the result of changing some value of xz,, after m to a + 1;
that is, for some ¢ > m, put ; = a + 1 and z!, = 0 for any other n # t.

Then a+ 1 is still an upper bound for 2/, so it is a witness for Bdd(z'), and since
t>m>0r_(a+1,2") = (V],)new extends (v, )n<e; that is, v), = v, for any n < £.
Recall that y,(t) = 0 for any ¢ > u,, in particular, for any [u,,v,]. By our choice
of m, ¥y = n(z') extends y™, so y,,(t) = y'(t) = yn(t) for any n < £ and ¢t < v,
This implies y/,(t) = 0 for any ¢t € [u,,v,]. By the property of r_, (v))ncw is a
witness for (VWW*°)(y'), and recall that, (u,)n<¢ is a witness for (yn)n<e = (Y )n<e-
Thus, the result v’ of replacing the first ¢ values of v/ with (uy,)n<¢ is also a witness
for (WW*°)(y’). By the property of ry, ry(v/,2') must be a witness for Bdd(z').
However, as t > m > ¢, we have ry(v,2’) = r4(v/,2) = a, which cannot be a
witness for Bdd(z') since 2/(t) = a + 1. O

Theorem 4.14. (WV) £, (3°°V).

Proof. Recall (WW*°V) =, VBdd; hence it suffices to show VBdd £, (3°V). Assume
VBdd <, (3°°V) via n,r_,ry. In particular, for any = and n(x) = (yi)rew, we have
the following;:
VYndavt. z(n,t) < a <= I%. y = 0.

A witness for the left-hand side is a function majorizing Z(n) = sup, z(n, t), and
a witness for the right-hand side is an infinite increasing sequence of elements in
Y = {k: yr = 0°°}. For n,t, begin with z(n,t) = 0. For such z, any g € w® is
a witness for VBdd(z), so r_(g, ) is defined. A value k is a-bounded at n if, for
any g € w*, whenever r_(g,z)(m) = k for some m, we have g(n) < a, and k is
unbounded at n if k is not a-bounded at n for any a.

Claim. There exists n such that infinitely many values k& are unbounded at n.

Proof. Suppose not. Then, for any n, there are at most finitely many k& which
are unbounded at n. Let A, be the finite set consisting of all such k’s, and put
A<p = U,pen Am. Then each B, = A, 11 \ A<y, is finite, and for any z € B,,, we
must have z € A, so z is a,-bounded at n for some a,. Put b, = max,ep, a,.
By definition, if g(n) > by, then B,, does not intersect with the image of r_(g, z).
Hence, if g(n) > b, for any n, then the image of r_(g,x) does not intersect with
U, Bn = UnsoAn. Such a g exists since each B,, is finite, so fix such a g. As
mentioned above, r_(g, ) is defined, say r_(g,z)(0) = z, so by continuity, for a
sufficiently large n > 0, we have r_(g | n,x)(0) = z. Hence, for any ¢, we get g.
extending ¢ | n such that g.(n) = ¢, while keeping r_(g.,x)(0) = z. Considering
an arbitrarily large ¢, this means that the value z is unbounded at n. Therefore,
by the definition of A,, we get z € A,,. Then the image of r_(g,z) and A, have
an intersection, but this is impossible. ([l

By the property of r_, note that {r_(g,z)(m) :g € w” and mew} CY. If k is
unbounded at some n’ then, in particular, k appears in some increasing sequence
r_(g,x) of elements in Y, so we have k € Y. Let n be as in Claim. Then there is
an increasing sequence k = (k;);c., consisting of values which are unbounded at n.
This also gives an increasing sequence of elements in Y'; that is, k is a witness for
(3%°Y)(y). Hence, 7 (k,x) is defined, say r (k,x)(n) = a, so by continuity, for a
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sufficiently large sq, we have 7, (k | so,2 | s9)(n) = a. Since k; is not a-bounded
at n, there exists g; such that g;(n) > a+ 1 and r_(g;,z)(m;) = k; for some m;.
By continuity, if s; > s¢ is sufficiently large, we have r_(g; | s1,2 [ s1)(m;) = k;
for each ¢ < sg. Then define z'(n,t) = a + 1 for some ¢t > s1, and keep other values
as 0, i.e., 2'(m, s) = 0 for any (m,s) # (n,t).

Then consider Y’/ = {k : y;, = 0°} for ¢’ = n(a’). By our choice of sy, the com-
putation r_(g;, z’)(m;) = k; is maintained for each i < sg, Moreover, g; majorizes
Z'(n) = sup, 2'(n,t), which means that g; is still a witness for VBdd(z’), and so
r_(gi,x")(m;) = k; € Y’ by the property of r_. Hence, (k;)i<s, extends to a witness
k' for (3°V)(y'). By the property of 7, ry (k’, ') must be a witness for VBdd(z'),
which means that it must majorize ’. However, by our choice of sg, the computa-
tion 7y (k',2")(n) = a is maintained, so r, (k',2')(n) = a < 2'(n,t) < #(n), which
leads to a contradiction. (]

Theorem 4.15. (V3V) &£, (IXV>V).

Proof. Recall (3°V>°V) =,, 3°°Bdd; hence it suffices to show (V3aV) £, 3°°Bdd.
Assume (V3V) <, 3°Bdd via n,r_,r;. In particular, for any  and n(x) = y, we
have the following:

Vndavt. x(n,a,t) =0 < I°k3IbVE. y(k,t) <b.

A witness for the right-hand side is of the form m +— (k,, b,,), where k,, > m
and y(km,t) < by, for any t. For each n,a,t, begin with z(n,a,t) = 0. For such
x, any g € w* is a witness for (VaV)(x), so r_(g,z) is defined. A value k is a-
concentrated at n if, for any g € w*, whenever r_(g,x)(m) = (k,b) for some m, b,
we have g(n) = a, and k is unconcentrated at n if k not a-concentrated at n for any
a.

Claim. There exists n such that infinitely many values k are unconcentrated at n.

Proof. Suppose not. Then, for any n, there are at most finitely many % which are
unconcentrated at n. Let A, be the finite set consisting of all such £’s, and put
A< = U<y Am. Then each B, = A,41 \ A<, is finite, and for any z € B,,
we must have z € A,,, so z is a,-concentrated at n for some a,. By definition, if
g(n) € {a, : z € B,} then B, does not intersect with the image of 7y o r_(g, z).
Hence, if g(n) € {a, : z € B,} for any n, then the image of 7y o r_(g,z) does
not intersect with (J,, B = U~ An- Such a g exists since each B, is finite, so
fix such a g. As mentioned above, r_(g,z) is defined, say r_(g,z)(0) = (z,b),
so by continuity, for a sufficiently large n > 0, we have r_(g [ n,2)(0) = (z,b).
Hence, for any ¢, we get g. extending g | n such that g.(n) = ¢, while keeping
7_(ge, x)(0) = (z,b). Considering an arbitrarily large ¢, this means that the value
z is unconcentrated at n. Therefore, by the definition of A,,, we get z € A,,. Then
the image of r_(g,z) and A,, have an intersection, but this is impossible. (I

Let n be as in Claim. Then there is an increasing sequence (k;);c., consisting
of values which are unconcentrated at n. Each k; is not a-concentrated at n, so
there exist ¢2,g! € w® such that ¢?(n) # g}(n), and for each j < 2, we have
r_(gl,x)(ml) = (k;,b]) for some m! and b/. As mentioned above, any g/ is a
witness for (VaV)(z), so 7_ (g}, x)(m?) is a witness for 3°°Bdd(y). Then, for ¢; =
max{b?, b}, one can see that (k,¢) = (ki,¢;)icw is also a witness for 3°Bdd(y).
Hence, 7, ((k,),z) is defined, say r,((k,é),z)(n) = a, so by continuity, for a
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sufficiently large sq, we have r, ((k | so,¢ | so), z)(n) = a. By continuity, for a
sufficiently large s; > so, we have r_ (g7, 2 | s1)(m?) = (ki,b}) for each i < so and
j < 2. Then define 2'(n,a,t) # 0 for some t > s1, and keep other values as 0, i.e.,
a’'(m, b, s) for any (m,b,s) # (n,a,t).

For each i < so, since ¢%(n) # gl(n), we get g/(n) # a for some j < 2. Fix
such j. Then g is a witness for (v3v)(z'). For y’ = n(a’), by our choice of sy, the
computation r_ (g],2")(m?) = (ki,b?) is maintained for each i < s9. The chosen
gl is still a witness (since g/(n) # ), 0 (ki,b))ics, is extendible to a witness
for 3°Bdd(y’); thus, y'(ki,t) < b‘ ; for any i < so and ¢t. Hence, (ki,¢i)ics,
is extendible to a witness (k,&) for 3°°de( ). By our choice of sp, we have

ri((K',&),2')(n) = a and 2'(n,a,t) # 0. However, this means that r, ((k,&),z")
does not give a witness for (VHV)( "), which leads to a contradiction. O

Summarizing the results in Section 4.2, we now see that no more arrows can be
added to Figure 4. For X3-patterns, Theorem 4.12 and (the comment after) Proposi-
tion 4.10 show (V*°3) <, (V°3®) <, (3V3). For II3-patterns, (the comment after)
Proposition 4.11 and Theorem 4.14 show (VV*°) and (3°°V) are m-incomparable.
Combining with Theorem 4.15, we get (VW) < (WOV) L (I°V) <p (I°VV) <
(V3V), which is exactly the same shape as in Figure 4. For dm- redumblhty, ﬁrst
note that, since P £, Q clearly implies P Z4m Q, the previous observations
imply <3°°V) Lam (WWV); (W) <gm (WV); and (I°V) <gm (3°V®) <dm
(3°°v>°V). By Theorem 4.2, we also have (I°V>V) <, (VIV) =, (3I*°3IV), so
(FVV) <gm (3°TV). Moreover, we have (VW) Ly <EI°°3V> since by Theorem
4.2, the dual of (¥V*°) is IV3-complete, and the dual of (3°°3V) is m-equivalent to
(V*°3*°) <m (3V3) by Proposition 4.10. Combining the above, we conclude that
Figure 4 is complete.

4.3. Other quantifier-petterns. In Section 3.10, we have dealt with quantifiers
other than V,3,V°°,3°°. Here, we consider the strength of the quantifier-pattern
V7 3V. By taking v as a trivial formula, we clearly have (v3V) <4 (v73V). The
question is whether these are m-equivalent. For the duals, we can see that it holds
true.

Proposition 4.16. (3'V3) =, (Iv3).

Proof. 1t suffices to show (3'V3) <, (3V3). Given (p,z), we construct y = n(p, x)
such that

In (p, = 0% and Vm. ), # 0%°) < InVm. y,(m) # 0

Given (z,p), for each n, k, m, we check if p, (k) = 0. If yes, put y,((k,m)) = z7;
otherwise, put y, ((k, m)) = 0.

Let n be a witness for (3"V3)(z,p). Then p, = 0> and 27, # 0 for any m.
In this case, yn(k,m) = x,(m) # 0= for any k,m. Hence, n is also a witness for
3v3) ().

Conversely, let n be a witness for (3v3)(y). Then, y,((k,m)) # 0 for any
k,m. In this case, we must have p, (k) = 0, and thus y, ({(k,m)) = a7,. Therefore,
we get p, = 0% and z,(m) = y,(0,m) # 0°. Hence, n is also a witness for
(33) (z, ). O

Theorem 4.17. (V73V) £, (VIV).
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Proof. Suppose (V73IV) <., (VIV) via n,r_,r+. In particular, for any (p,z) and
y = n(p, z), we have the following:

vn (pp = 0% = Im. zp, = 0%) <= Vndm. y,(m) = 0~.

Begin with 7} = 0 and p, = 0. Clearly, n — c¢o(n) = 0 is a witness for
(V73V¥)(p,z). Then, one can see r := r4(r_(co, (p,2)), (p,z)) = co. Otherwise,
r(n) # 0 for some n, which is determined after reading a finite initial segment
(p,z) | € of (p,x) by continuity. By changing only the value T3 n) (t) for t > £, we
get some & such that Z7!,  # 0% while keeping | £ =z [ £. As r(n) # 0, ¢ is still
a witness for (V7 3V)(p,Z). Therefore, 7 = r_(co, (p, %)) is a witness for (VaV)(y),
where § = n(p, Z). In particular, ;%?(n) = 0°°. However, since Z | £ = x | £, we must
have 7(n) = r(n), and thus 0% = 27 ) = &}, # 0°°, which is impossible.

Now, r(0) is determined after reading some finite initial segment (p,x) | ¢ by
continuity. Again, by changing only the value xg(o) (t) for t > ¢, we get some Z such
that :%2(0) # 0°° while keeping & [ £ = x | £. Here, we also keep Z,,(m) = 0 for
any (n,m) # (0,0).

Then (V7 3V)(p, ) still holds; thus, (V3V)(7) also holds, where § = n(p, z). If ¢ =
r_(co, (p,x) | £) | £ is extendible to a witness for (V3V)(g), then 7 = r, (g, (p, z)) is
also extendible to a witness for (V73V)(p, Z); that is, 5:?(”) = 0°°; however, we have
7(0) = r(0) and 2 # 0. Hence, ¢ is not extendible to a witness for (Vav)(y),
which means that there is n < ¢ such that 7,(¢(n)) # 0%, so g,(q(n))(u) # 0 for
some u. By continuity, this value ¢, (g(n))(u) # 0 is determined after reading some
(p, @) | ¢ for some ¢ > (.

Then, by changing only the value po(t) for ¢t > ¢, we get some p such that
Do # 0°° while keeping p [ ¢/ = p [ /. Then, ¢ is a witness for (V7 3V)(p, Z); hence
G =r_(co, (p,Z)) must be a witness for (V3aV)(y’), where v’ = n(p,z). Moreover, ¢
extends ¢, so in particular, g(n) = g(n) for any n < ¢, and by our choice of ¢', we
must have y!,(G(n))(u) = gn(q(n))(u) # 0. However, this means y/,(g(n)) # 0°°, so
G is not a witness for (V3V)(y’). This leads to a contradiction. O

Corollary 4.18. (V3V) <4m Perfectpin.
Proof. By Theorems 3.30 and 4.17. ]

4.4. Specific problems. Next, we perform a detailed analysis of the complexity
of the infinite-diameter problem InfDiam = FinDiam? introduced in Section 3.8.
By combining Propositions 3.22 and 3.24 and Theorem 4.2, we have obtained that
FinDiam =, (V>°V3) =, (v>°3*°) and (W™V) <;, InfDiam <y (3°3V). Judging
from Figure 4, this problem seems to be of intermediate complexity.

Moreover, InfDiam is not amalgamable since we have DisConn <, InfDiam by
Proposition 3.25, and the disconnectedness problem DisConn is not amalgamable
[13].

Lemma 4.19 ([13]). If ¢ is amalgamable, then DisConn £, ¢.

In particular, InfDiam £, ¢ for any amalgamable ¢. Nevertheless, interestingly,
(VV) is not m-reducible to InfDiam.

Theorem 4.20. (VV) £, InfDiam.
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Proof. Suppose (VW) <q, InfDiam via n,r_,r,. Begin with x; = 0°°. Then for each
i <2, r_(i,z) = (a’,b})ney is a witness for InfDiam(n(z)); that is, the distance

between (af , b?) is at least n. For each n, let E,, be the set of all two-element subsets
of V,, = {a3,,,13,,,ai,,bi,}. Counting the number of combinations of selecting two
vertices from the set V,, of at most four vertices, we see that the cardinality of F,
is at most 6.

Now, for any f € [],, En, if f is a witness for InfDiam(7(x)), then v, (f,z) gives
a witness for (VV)(z); that is, ; = 0 if r(f,x2) = 4. In particular, either f is
not a witness for InfDiam(n(z)) or vy (f,z) gives a witness for (VV)(z). Moreover,
which of these holds is determined after reading some finite information of f and
x. If the latter holds, this is clear. If the former holds, there is n such that the
distance between f(n) = {a,b} is less than n; that is, in the graph n(z), there
is a path of length less than n connecting a and b. After reading some finite
information of x, it is determined that such a path exists in the graph n(z). Hence,
by compactness of [],, Ey, there is ¢ such that either the graph n(x [ ¢) has a path
of length less than n connecting two vertices in f(n) for some n < £ or the value
of ri(f [ 4,2 | €) € {0,1} is determined. Then let ¢ > £ be such that r_(i,z | ¢)
extends (a’,, b)) <3¢ for each i < 2.

Now, consider T' = [],, ., En, and let us think of this as a tree of height £. For
each leaf p € T, we define the acting position a(p) of p as follows: If the graph
n(x | £) has a path of length less than n connecting two vertices in p(n) for some
n < ¢, then put a(p) = p | (n+ 1). Otherwise, r4(p,x [ £) is defined by our choice
of £, so first, let us label p with this value. Note that if we put z}(t) # 0 for a
sufficiently large t > ¢’ (so z # 0°°), then for any i-labeled leaf p there is n < £
such that the distance of vertices in p(n) must be less than n in the graph n(z’).
Otherwise, p is extendible to a witness f for InfDiam(n(z’)), so r(f,z’) must be
a witness for (VV)(a’); however, we have r; (f,2') = i since p is labeled by 7, and
x} # 0°°, which means that r(f,2’) is not a correct witness for (VV)(z"). Hence,
we must have n such that the distance between two vertices in p(n) is less than n
in n(z’), so for such an n, we put a(p) =p | (n + 1).

We say that ¢ € T is a full-acting node if each of the immediate successor of o
in T is the acting position of some leaf. In other words, for the length k of o, for
each a € Ej, there is a leaf p € T such that a(p) = 0" a.

Claim. There always exists a full-acting node in T

Proof. Suppose that a full-acting node does not exist in 7T'. In particular, the root is
not a full-acting node, so by definition, the root has an immediate successor a; € T
which is not an acting position of any leaf. By our assumption, a; is also not a
full-acting node, so a; has an immediate successor (aj,as) € T which is not an
acting position of any leaf. Repeat this process to obtain a leaf p = (a1, as, ... ay).
Here, p [ 7 is not an acting position for any j > 1, so the acting position «a(p) of
p must be the root. However, the acting position of the leaf is always a node of
length at least 1, so this is impossible. ([l

Now fix a full-acting node ¢ € T, and let n be its length. Then, for each a € F,,
there is a leaf p, extending o~ a whose acting position is 6" a. Now, the value of the
label of a € E,, is set to the value of the label of p,, i.e., the value of 74 (pg,z’ | £).
Here, if the label of p, is undefined, choose any value of 0 or 1. In other words,



40 TAKAYUKI KIHARA

either there is a path of length less than n connecting the two vertices in a, or else
a is labeled by the value of ro (pg, 2’ | £).

Claim. z = {a},,, b4, } is labeled by i.

Proof. Suppose not. Since this z is the (3n)th component of r_(i,z); that is, the
(3n)th component of a witness for InfDiam(n(x)), the distance between {a3,,b%,, }
is at least 3n. Therefore, the label of z must be defined, and its value is 1 — ¢ by
our assumption. Since p, is labeled by 1 — i, the action position being a(p,) = 0"z
means that the distance between two vertices in z must become less than n in n(z’)
after putting x)_;(¢t) # 0. In this case, 2} = 0°° is maintained, so i is a witness
for (VV)(2'). Now, since t > ¢/, r_(i,a’) extends (a’,b),<3¢, so in particular
the distance between z = {a},, b}, } must be at least 3n even in n(x’). This is
impossible. (I

The rest can be done by imitating the proof of (VV) £, DisConn in [13], but the
notation is slightly different, so we give a complete proof here. Each edge of the
complete graph G,, = (V,,, F,,) with at most 4 vertices V,, = {a3,,3,,a},,b3,} is
labeled in the above way.

Claim. For some i < 2, there exists a path « of length at most 3 connecting a$,,
and b4, in G, such that ~ consists only of edges with label 1 —i.

Proof. Suppose not for i = 0 (the same argument applies to the case where ¢ = 1).
For the sake of clarity, edges of a graph are described using the symbol — below,
but note that we consider an undirected graph, so a — b and b — a represent the
same edge, and the labels are also the same.

First, the vertices a3, and b3, are connected by the path a3, — a3, — bl — b3,
of length 3 in the complete graph G,,. By our assumption, one of these edges is
labeled by 0. By the previous claim, the edge a3, — b3, is labeled by 1, so either
a3, — as, or by — b3 must be labeled by 0.

Case 1. Assume that the edge a3, — a},, is labeled by 0. The vertices a3, and
b9, are connected by the path a3, — bi, — b3, of length 2. By our assumption,
either a,, — b3, or bi, — 19, is labeled by 0. In the former case, the path
ai, — a3, — bi, of length 2 connects a3, and b3, and consists only of 0-labeled
edges. In the latter case, by the above claim, the edge a9, — b9, is labeled by 0,
so the path a3, — a9, — b3,, — b3, of length 3 connects a3, and b}, and consists
only of 0-labeled edges.

Case 2. Assume that the edge b, — b9, is labeled by 0. The vertices a3, and
b9, are connected by the path a3, — a3, — b3, of length 2. By our assumption,
either a3, — ai, or a3, — 19, is labeled by 0. In the latter case, the path
al, — b3, — bl of length 2 connects a3, and b3, consists only of 0-labeled edges.
In the former case, by the above claim, the edge a3, — b9, is labeled by 0, so the
path a, — a3, — b9, — b3, of length 3 connects a3, and b}, and consists only of
0-labeled edges. (I

Fix ¢ < 2 as in the previous claim. Then put z}_,(t) # 0 for a sufficiently large
t. For each a € F,, since the acting position of the leaf p, € T is 07a, if a is
labeled by 1 — 4, then by the definition of the acting position, the distance between
two vertices in p,(n) = a is less than n in the graph v(z’). This means that the
end points of each (1 — 4)-labeled edge in the complete graph G,, = (V,,, E,,) are
connected by a path of length less than n in the graph y(z'). By the previous
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claim, af,, and b5, are connected by a (1 — i)-labeled path of length at most 3 in
G, so they are connected by a path of length less than 3n in y(2’). However, i is
still a witness for (VV)(z'), so r_(i,2’) must be a witness for InfDiam(n(z’)), which
extends (a',, b}, )p<3¢. In particular, the distance between (aj,,, b}, ) must be at least

3n in y(z'), which leads to a contradiction. O

Corollary 4.21. (VW*°V) <, InfDiam <, (v3¥), and InfDiam <4, (3°°3V).

Proof. Clearly, (VW) <m (¥3V), so Theorem 4.20 implies InfDiam <, (v3V). The
proof of Proposition 4.11 shows that (VV*°V) is amalgamable, so Lemma 4.19 im-
plies DisConn £, (VW*°V). Theorefore, by Proposition 3.24 and 3.25, we obtain
(WWV) < InfDiam. For the second assertion, the proof of Proposition 3.22 shows
InfDiam <4, (3°°3V). Moreover, we clearly have (VW) <y (3°°3V), so by Theorem
4.20, we get InfDiam <4, (3°°3V). O

As a modification of the infinite-diameter problem, if we consider the problem of
determining whether the diameter is at least r for a fixed r > 4, then the modified
problem turns out to be 3IV-complete.

Diam>, :  Ju,v € V¥ [(7y connects u and v) — || > r].
Proposition 4.22. Diamy>,4 is 3V-complete.
Proof. Given x = (zp)new, we construct n(z) = (V, E) such that
In. x, = 0° <= the diameter of (V, E) is at least 4.

The graph has a path aj — ab — ay — a3 — a} of length 4 for each n € w.
Moreover, put (a,al”) € E for any n # m. If x,(t) # 0 for some ¢, then add
cf € V for such t and put (al,c}') € E for each i < 5.

The distance between ¢;" and a" is at most 2 since there is a path ¢’ = aj — a7
of length 2. Hence, if there is a vertex of the form ¢, then since a} and ci are
adjacent, the distance between ;' and af" is at most 3. If there is no vertex of the
form ¢}, the distance between aj and aj is 4. This is because, if there is a path
of length at most 3 connecting af and aj, then it is necessary to pass through a
vertex of the form aj* for some m # n. If [i — j| > 2, the shortest path between a’
and a} that passes through such a vertex is ai — a;" — ¢ — aj" — a}, whose
length is 4 (even if ¢} exists). To summarize this, a vertex of the form ¢} exists iff,
for any m, 1, j, the distance between (aj,a’") is at most 3.

Now, if n is a witness for (3IV)(x), then there is no vertex of the form ¢}'. Then
the distance between (af}, a}) is at least 4 as discussed above, so (af, a}) is a witness
for Diam>4(V, E). Conversely, if (u,v) is a witness for Diam>4(V, E); that is, the
distance between (u,v) is at least 4, then by the above argument, neither u nor v
can be of the form ¢j. Hence, u = aj' and v = a}" for some n,m,i,j. Then, there
is no vertex of the form ¢} as discussed above. This means that z,,(t) = 0 for any
t. Hence, n is a witness for (IV)(z). d

Corollary 4.23. Diam>4 £m InfDiam.

Proof. By Theorem 4.20 we have (VV) &£, InfDiam, and by Proposition 4.22, we
also have (VW) <, (V) <; Diams4. Combining these, we obtain Diam>4 £m
InfDiam. O
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5. OPEN QUESTION

The most straightforward but important open problem is the problem of counting
the number of equivalence classes of quantifier patterns at each level n > 4 of the
arithmetical hierarchy.

Question 1. How many =n,-equivalence classes of ¥4 quantifier-patterns are there?
How many =n-equivalence classes of 114 quantifier-patterns are there? How many
=am-equivalence classes of ¥4 quantifier-patterns are there?

Of course, this problem can also be considered for general n other than n = 4.
It would also be useful to have a general method of determining the relationship
between two given quantifier-patterns. This problem is expected to be difficult, but
it is important.

Question 2. Find an algorithm which decides if (P) <m (Q) for given quantifier-
patterns P and Q.

It is also important to reconsider previous research on the classical arithmetical
hierarchy from the realizability-theoretic perspective. For example, it is important
to consider the problem of determining the exact arithmetical complexity (the exact
quantifier-patterns) of natural decision problems involving groups [5]; see also [21]
for witness/search problems in group theory.
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